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Abstract of the Dissertation 



Operators in the d = 4, J\f = 4 SYM 
and the AdS/CFT correspondence 

by 

Anton Vladimirovich Ryzhov 

Doctor of Philosophy in Physics 
University of California, Los Angeles, 2003 

In this dissertation we explore various aspects of the AdS/CFT correspondence, 
which is a duality between d — 4, H — 4 SYM, and IIB superstring theory 
on AdS 5 x S 5 with selfdual RR field strength. String quantization on general 
backgrounds with fluxes is very difficult. So instead, one uses the duality at the 
level of canonical fields of supergravity and the corresponding |-BPS operators 
in SYM, since they both belong to the shortest multiplets of the superconformal 
group SC/(2,2|4). 

In addition to |-BPS operators, there are others with non-renormalization 
properties. One such class of operators is the ^-BPS operators, which are dual 
to threshold bound states of elementary supergravity excitations. Their scaling 
dimension is also determined by their internal quantum numbers. In Chapter 2, 
we consider scalar composites with the right quantum numbers, and construct 
|-BPS operators as the ones with (9((7^ M )-protected two-point functions. Ex- 
tended superspace methods (Chapter 3) make it simple to identify and remove 
descendant pieces from ^-BPS candidates. In Chapter 4, we compute three-point 
functions involving |-BPS operators, and explain how their non-renormalization 

xii 



translates into statements about the dual supergravity quantities. 

But we can go beyond discussing supergravity modes and protected SYM 
operators. The GS superstring on AdS 5 x S 5 can be quantized exactly in the 
limit where the AdS^ radius R — > oo and the R-charge J ~ R 2 . String states 
with finite energy and momentum (BMN states) are then dual to single trace 
operators with certain phases inserted (BMN operators). BMN operators are 
another natural generalization of |-BPS operators, to which they reduce in the 
zero-momentum limit. 

The perturbative expansion of scaling dimensions of BMN operators is in 
powers of gN/J 2 . Moreover, one can do perturbation theory around the R — > oo, 
J ~ R 2 limit. Both expansions have the same regime of validity in string theory 
and in SYM. In Chapter 5, we calculate the first 1/R 2 corrections to BMN states 
and their energies, and the 1/ J corrections for the corresponding BMN operators. 
We find complete agreement between the dual quantities. 
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CHAPTER 1 



Introduction 



The celebrated AdS/CFT correspondence asserts that the dual description of 
M=A four dimensional super Yang Mills is type IIB string theory in AdS 5 x S 5 
with self-dual RR five-form field strength [1]. The radius of curvature of AdS$ 
and S 5 scales like R/l s ~ {QyuN) 1 ^ ~ (gN) 1 ^. The spectrum of string states in 
this background corresponds to the spectrum of single trace operators in SYM. 
Part of the reason that the AdS/CFT conjecture has not been verified directly, 
is that string quantization in the presence of RR flux is notoriously difficult. 
Type IIB supergravity, which describes the dynamics of massless string modes, 
is only valid for the large values of R/l s , while on the SYM side one can perform 
reliable computations only for small 't Hooft coupling gN: SYM and SUGRA 
calculations have complementary regimes of validity. 

Thus on the one hand, the AdS/CFT conjecture still has not been proven di- 
rectly, despite the abundance of circumstantial evidence. On the other hand, the 
AdS/CFT correspondence provides a powerful tool for deriving dynamical infor- 
mation in A/*=4 superconformal YM theory outside the regime of weak coupling 
perturbation theory. Comparison of weak SYM coupling (small g^, perturbative 
gauge theory calculations) and strong SYM coupling (large AdS radius R, reli- 
able supergravity calculations) behaviors has given rise to a number of surprising 
new conjectures [2, 3, 4, 5, 6, 7, 8, 9], which were later confirmed using extended 
superspace methods [10, 11, 12]. 
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1.1 Protected operators in SYM and SUGRA 

There are very few things one can calculate exactly in the four-dimensional su- 
perconformal Yang-Mills theories. One class of such quantities consists of a set 
of correlation functions of the Bogomolnyi Prasad Sommerfield (BPS) operators. 
In Af = 4 superconformal Yang-Mills, there are |-BPS, ^-BPS and §-BPS opera- 
tors, which are operators that are invariant under 8, 4 and 2 (out of 16) Poincare 
supercharges respectively. Based on very general arguments involving only the 
supersymmetry algebra [13, 14, 15], the anomalous dimension of any of these 
operators vanishes identically in the full quantum theory. 

1.1.1 Chiral primaries 

In the AdS/CFT correspondence, the local gauge invariant operators of Af = 4 
superconformal Yang-Mills are mapped to the physical states of the Type IIB 
superstring on AdS 5 xS 5 . (See [1] for the original papers and [16] for reviews.) 
The single trace |-BPS operators (also referred to as chiral primary operators 
or CPOs) play a special role as they are in one-to-one correspondence with 
the short multiplets of supergravity and Kaluza-Klein states with spins < 2. 
Driven by the success of this correspondence, several authors have derived non- 
renormalization results for various correlation functions of these operators. Re- 
sults on the perturbative non-renormalization of two- and three-point functions 
were derived in [2, 17, 3] in components and in superspace in [6, 11]; for further 
references on three-point computations see [18]. An argument for the complete 
non-renormalization of the three-point function of the supercurrent multiplet 
based on anomalies was given in [17] and a superspace version of this was pre- 
sented in [11]. An argument for the (non-perturbative) non-renormalization of 
all two- and three-point functions of BPS operators based on an extra U(1) Y 
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symmetry was given in [10] and this was verified using analytic superspace meth- 
ods in [19] following on from the earlier work of [20]. Generalizations to n-point 
functions were obtained for extremal [8] and near-extremal correlators [9, 21, 22]. 

Other BPS operators are also important, both from the perspective of su- 
perconformal Yang-Mills theory, and from that of the AdS/CFT correspondence. 
The simplest generalization is to multi-trace 1/2 BPS operators [23, 12], for which 
non-renormalization results are the same as for single trace |-BPS operators; see 
also [24]. Indeed, the arguments of [10] and [19] apply in this case too. 

1.1.2 Quarter BPS operators 

A more delicate generalization is to the multi-trace scalar operators obeying a ~ 
BPS shortening rule. A general group theoretic classification of such operators in 
free field theory was amongst the results derived in [25]. These |-BPS operators 
share many non-renormalization properties with |-BPS operators. However, they 
are much more involved, which renders their construction nontrivial in the fully 
interacting theory [26]. In the full quantum interacting theory, the true |-BPS 
operators involve admixtures of classical |-BPS operators of [25] with descendants 
of non-BPS operators that occur in long supersymmetry multiplets. In Chapter 
2 we calculate 0(g 2 ) two-point functions of local, polynomial, scalar composite 
operators within a given representation of the S77(4) i?-symmetry group. By 
studying these two-point functions, we identify the eigenstates of the dilatation 
operator, which turn out to be complicated mixtures of single and multiple trace 
operators. 

However, this procedure for constructing the candidate operators is somewhat 
ad hoc and difficult to generalize. In Chapter 3, we use extended superspace 
methods to study |-BPS operators in a systematic fashion. In the framework 
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of analytic superspace it turns out that they are described as tensor superfields 
carrying superindices [27]. In the construction, the operators of the classical 
theory annihilated by 4 out of 16 supercharges are arranged into two types. 
The first type consists of those operators that contain |-BPS operators in the 
full quantum theory. The second type consists of descendants of operators in 
long unprotected multiplets which develop anomalous dimensions in the quantum 
theory. The |-BPS operators of the quantum theory are defined to be orthogonal 
to all the descendant operators with the same classical quantum numbers. It is 
shown, to order g^, that these ^-BPS operators have protected dimensions. In 
fact, they are the same as the ones found in Chapter 2. 

1.1.3 Comparison with supergravity 

Using the operators thus constructed, in Chapter 4 we will compute three-point 
functions involving |-and |-BPS operators. The combinatorics of the problem is 
rather involved, and we concentrate on certain classes of three-point functions; 
some results are valid for general N, while others are large N approximations 
[28] . In all cases studied, these correlators 1 are shown to be non-renormalized to 
order g^. 

In the AdS/CFT correspondence, |-BPS chiral primaries are dual to threshold 
bound states of elementary supergravity excitations. We present a supergravity 
discussion of two- and three-point correlators involving these bound states, and 
show agreement of the SYM correlators with their large N, large g^N limit 

accessible through the AdS/CFT correspondence. 

1 Correlation functions with n > 4 operators are, in general, expected to receive quantum 
corrections, just as the multipoint functions of ^-BPS operators do [29, 12]. See also [16] for 
further references. 
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1.2 Near the plane wave limit of AdS 



So far, we have been studying the properties of supergravity modes, and the cor- 
responding protected SYM operators, appealing to nonrenormalization theorems 
to compare their correlators in the dual descriptions [16]. 

An improvement to the |-BPS chiral primaries was constructed by Berenstein, 
Maldacena and Nastase (BMN) in [30]. The GS superstring can be quantized 
exactly in the plane wave background [31, 32], which can be viewed as a double 
scaling of the AdS 5 x S 5 geometry [30, 33]. Remarkably, the parameter controlling 
perturbative expansion of scaling dimensions of such operators is A' = gN/J 2 , 
which can be made small to allow reliable gauge theory computations. String 
states with finite plane wave light cone energy and momentum correspond to 
single trace operators in the gauge theory with certain phases inserted [30, 34, 
35, 36]. Later, string interactions were studied both in the plane wave string 
theory and in the gauge theory [36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. 

The plane wave limit is an improvement over being able to handle only super- 
gravity states and protected operators. But we would still like to get closer to the 
full AdS string theory. One way to gain insight is to do systematic perturbation 
theory around the plane wave limit, taking 1/R 2 as a small parameter [46]. This 
approach has been tested in [47] on the Ad S3 x S 3 background with NS-NS flux. 
In chapter 5, we study the AdS/CFT correspondence for string states which flow 
into plane wave states in the Penrose limit. Leading finite radius corrections 
to the string spectrum are compared with scaling dimensions of finite R-charge 
BMN-like operators. We find agreement between string and gauge theory results. 

This is a constructive step towards proving the AdS/CFT conjecture. 2 

2 However, it should be mentioned that 1/R 2 expansion around the BMN limit is still much 
closer to the plane wave geometry, than it is to doing string theory on the full AdS background. 
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The AdS/CFT correspondence is in turn just an example of the general phe- 
nomenon of holography, by which a CFT on the (conformal) boundary of some 
manifold is dual to a string theory in the bulk. The study of holography remains 
an open and exciting field, which keeps giving theorists valuable insights into 
both field theory phenomena, and into string theory. Hopefully, dualities will 
bring us closer to understanding confinement in gauge theories, or even to having 
a nonperturbative formulation of string theory. 
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CHAPTER 2 



Quarter BPS Operators in 7V=4 SYM 

During the past years, there has been a renewed interest in the study of chiral 
operators in the J\f—A supersymmetric Yang-Mills theory in four dimensions. 
Forming short representations of the global SU(2, 2|4) superconformal symmetry 
group, chiral operators have tightly constrained quantum numbers. In particular, 
the scaling dimension of a chiral operator is not renormalized. 1 

Chiral primary operators have been classified in [25, 48]. They can be |-BPS, 
i-BPS, and |-BPS. The |-BPS operators provide the simplest example of chiral 
primaries. These are scalar composite operators in the [0, q, 0] representations of 
the i?-symmetry group SU(A) ~ SO(Q); their scaling dimension is A = q, see [25]. 
i-BPS operators are annihilated by eight out of the sixteen Poincare supercharges 
of the theory. Similarly, |-BPS primaries belong to [p, q,p] representations of the 
i?-symmetry group, are annihilated by four supercharges, and have protected 
scaling dimension of A = 2p + q. Finally, §-BPS primaries live in [p, q,p + 2k] of 
SU (4), are killed by only two supercharges, and their A = 3k + 2p + q. Quantum 
numbers of the descendant operators are related to those of their primaries by 
the J\f—A superconformal algebra. 

|-BPS operators have been much studied. Using the conjectured AdS/CFT 

correspondence [1] , it was shown, that for gauge groups SU (N) with N large, 

1 The possibility that certain non-chiral operators may have vanishing anomalous dimension 
was raised in [12]. 
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two and three point functions of t^-BPS chiral primaries are the same at weak 
and strong coupling [2]. 2 It was then verified that these SYM correlators get no 
0(g 2 ) corrections, for all iV [3]. Chiral descendant operators share these non- 
renormalization properties with their parent primaries [3]. 0(g A ) and instanton 
contributions to two and three point functions of |-BPS primaries turn out to 
vanish as well [11, 7, 12, 6]. Non-renormalization of these correlators was further 
established on general grounds in [10, 11]. Besides SU(N) theories and single 
trace chiral primaries, multiple trace operators with the same SU (2, 2|4) quantum 
numbers, as well as arbitrary gauge groups were considered [5]. In these cases, 
two and three point functions were also found to receive no 0(g 2 ) corrections. 

It is natural to ask whether other chiral operators, for example |-BPS pri- 
maries, have protected correlators. Here the situation is much less straightfor- 
ward than for [0, q, 0] operators. In fact, except for the simplest operator found 
in [7], no other |-BPS chiral primaries were written down 3 in the fully interacting 
theory. The main difficulty is that unlike in the free theory, where a kinemat- 
ical (group theoretical) treatment of [25] is sufficient, for nonzero coupling the 
problem of determining primary operators becomes a dynamical question. 4 

Apart from the double trace scalar composite operators in the [p, q, p] of the 
i?-symmetry (flavor) group 577(4) (the free theory chiral primaries from the clas- 
sification of [25]), there are other single and multiple trace scalar composites with 
the same S77(4) quantum numbers and the same O(g ) scaling dimension. Unlike 
in the f-BPS case where this phenomenon occurs [5], scalar composites in the 

\p,q,p] generally do not have a well defined scaling dimension. Thus, one should 
2 Highcr n-point functions also agree with supergravity predictions in the large N limit [49]. 

3 i-BPS operators have been studied indirectly through OPEs of ^-BPS chiral primaries, 
see [7, 12, 50, 22]. 

4 We would like to thank Sergio Ferrara for bringing this to our attention. 
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first find their linear combinations which are eigenstates of the dilatation opera- 
tor, which we call pure operators. To this end, we calculate two point functions of 
local, gauge invariant, polynomial, scalar composite operators in a given [p, q,p\ 
representation; diagonalize the dilatation operator within each representation of 
SU(4); and find that some of the pure operators receive no 0(g 2 ) corrections to 
their scaling dimension or normalization. These operators have the right SU (4) 
quantum numbers and protected A = 2p + q, and are the only candidates for 
being the |-BPS chiral primaries from the classification of [25]. 

Calculating the symmetry factors for Feynman diagrams is a formidable com- 
binatorial problem for general representation \p,q,p] of SU(4), and general N of 
the gauge group SU(N). So to keep the formulas manageable, we concentrate on 
two special cases. For low dimensional operators (2p + q < 8), we perform explicit 
computations for arbitrary JV; in particular, we recover the simplest |-BPS op- 
erator studied previously in [7]. Alternatively, we give a leading plus subleading 
large N argument (valid for general \p,q,p] representations) for a class of |-BPS 
chiral primaries, which are linear combinations of double- and single-trace scalar 
composite operators. 

The plan of this Chapter is as follows. First we review some aspects of 
577(2, 2|4) group theory, and describe the scalar composite operators we will be 
dealing with. Then we set the stage for 0(g 2 ) calculations of two-point functions, 
and outline the main ingredients of these calculations. After that, we explicitly 
compute the simplest sets of correlators. In the course of these computations, it 
turns out that only one type of Feynman diagrams contributes to the correlators 
at order g 2 , and we provide a simple explanation of this fact. 5 We present the full 

calculation for these two point functions. For higher A, calculations were done 

5 The argument we give applies more generally. In particular, it provides an alternative 
interpretation of the work in [3] and [5] . 
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using Mathematica and only the results are shown. Several new features come 
into play, and we describe them as we go along. Finally, we switch gears and do 
a large N analysis of |-BPS operators with arbitrary scaling dimension. 

2.1 S77(2,2|4) group theory 

Four dimensional jV=4 superconformal Yang-Mills theory has been studied ex- 
tensively for a long time, and we begin by reviewing some well known facts. 

A/"=4 SYM can be formulated in several (equivalent) ways; see Appendix 2.9.1 
for some of the descriptions. None of them shows all the features of the theory ex- 
plicitly. For example, working with six scalars 7 = 0^t a (where a = 1, N 2 — 1 
runs over the gauge group SU(N), and (f>a(x), 1 = 1, ...,6 are real scalar fields), 
and grouping the fermions as A^, i — 1, ...,4, makes the full 5 , t/(4) /^-symmetry 
group manifest, but hides all the supersymmetries. On the other hand, formu- 
lating the theory in terms of J\f=l superfields shows some of the supersymmetry, 
but the Lagrangian looks invariant just under the SU(3) x U(l) subgroup of the 
full SU(4). In practice, the more supersymmetries we use, the simpler it is to 
perform actual calculations. 6 For the purposes of 0(g 2 ) computations, it suffices 
to use component fields of the Af=l superfield formulation of the theory, with 
the (Euclidean signature) Lagrangian [3] 

C = tr {\F^ + \\^D,\ + D^D^ + ffi-fD^} 

+iV2gf abc {\ a -zlL^ c - i>{Rzi\ c ) - \Yf ab % ]k (fJ h L^ c - fiR^tf) 
-yV ab %4)(f ade ^e) + \Y 2 r b J ad % jk e Um ziz k J d z™ (2.1) 

(L and R are chirality projectors). The theory defined by (2.1) has Af=l super- 
6 E.g., the order g 4 calculations in [7] were done in the Af=2 harmonic superspace formalism. 
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symmetry. We use separate coupling constants g and Y to distinguish the terms 
coming from the gauge and superpotential sectors. When Y = gV2, SUSY is 
enhanced to A/"=4. 

Since the manifest symmetry group is now SU(3) x U(l), we first project 
onto it the representations of the full SU(A). This can be done by mapping the 
quantum numbers as 

b,g,r]^[p,g]- |(p+29+3r) (2-2) 
Under this projection, the fermions in the theory are mapped as: Ai j2 ,3 >— > ^1,2,3 £ 
[l,0] - 3, A 4 i-> A = [0,0]i, so 4 = [1,0,0] -> [1,0] _ 3®[0,0]§. Similarly the scalars 
are projected as 

6 = [0,1,0] - [l^] 1 ©^,!]- 1 = {zj}e{z k } (2.3) 

Put more simply, this amounts to rewriting the real scalars / , and fermions A 1 
as 0* = ^-{zi + 2i), (j) i+3 = j^(zi - and A* = ^, A 4 = A. Index % = 1,2,3 
labels the 3 or 3 of the £77(3) factor of the manifest symmetry group of (2.1). 

The i?-symmetry group of the theory is SU(A) ~ 5*0(6), which is a part 
of the larger superconformal S77(2, 2|4). Unitary representations of A/"=4 SYM 
were classified in [48]. As in any conformal theory, operators are classified by 
their scaling dimension A. Each multiplet of S77(2, 2|4) contains an operator of 
lowest dimension, which is called a primary operator. The action of generators 
of the conformal group 7 on a primary operator <J>(x) is given by 

[P^Hx)} = idfi{x) (2.4) 
[M^,<Z>(x)\ = [iix^-x^ + E^ix) (2.5) 
[D,$(x)] = i (- A + xrdp) ®(x) (2.6) 

7 See for example [51], or one of the big reviews [16]. 



[x% - 2 Xil x v B v + 2x M A) - 2^E M „ $(x) (2.7) 
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Notice that [M^,$(0)] = S^$(0), [D,$(0)] = -iA$(0), and [K„, $(0)] = 0. 
Together with the 16 Poincare supersymmetry generators Q (and Q), and 16 spe- 
cial conformal fermionic generators 5 (and 5), these close in a superconformal 
algebra of 577(2, 2|4). The additional (anti) commutation relations are schemati- 
cally given by 

[D,Q] = -|g, [D, S] = + |5, [K, Q] ~ 5 [P, 5] ~ Q, (2.8) 
[Q,5] ~ M + /J + P, [5,5] ~ X, [Q,,Q/j ~ (i, 7 = 1,..., 4) (2.9) 

where R stands for the quantum numbers of the i?-symmetry group SU(4). The 
Lagrangian of the theory, as well as the action of supersymmetry generators on 
the elementary fields, are listed in Appendix 2.9.1. 

Primary operators of the superconformal group which are annihilated by at 
least some of the Q-s are called chiral primaries. Descendants of chiral primaries 
are then chiral operators, in the J\f—4 sense. Chirality is a property of the whole 
S77(2, 2|4) multiplet; just being annihilated by say 8 Poincare SUSY generators 
doesn't make an operator —BPS. Since the supercharges anticommute, we can 
take a non-chiral operator and act on it with some of the Q-s. The resulting 
(non-chiral!) operator will be annihilated by the same Q-s. 

For a chiral primary field $ annihilated by a Poincare supercharge Q, we can 
write [Q,&(x)\ = and [K,$(0)] = 0, and so [5,$(0)] ~ [[K, Q],$(0)] = as 
well. Hence we can express the conformal dimension A of $ entirely in terms of 
its spin E and 5£7 (4) quantum numbers R 

= [[Q, 5], $(0)] ~ [M + D + R, $(0)] = (E - iA + R) $(0) (2.10) 

by the superconformal algebra (2.4-2.9). Quantum numbers of descendants are 
related to those of their parent primaries by (2.4-2.9) as well. In particular, A of 
any chiral operator can not receive quantum corrections. 
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2.2 Gauge invariant scalar composite operators 

A kinematic (group theoretic) classification of BPS operators was given in [25]. 
Chiral primaries 8 are Lorentz scalars, which are made by taking local gauge 
invariant polynomial combinations of the 7 (:r), / = 1,...,6. They fall into one 
of the three families [48]. The simplest one consists of |-BPS operators. These 
chiral primaries are annihilated by half of the Q-s, and live in short multiplets 
with spins ranging from zero to 2. |-BPS chiral primaries are totally symmetric 
traceless rank q tensors of the flavor SO (6). SU (4) labels of these representations 
are [0, q, 0] with the corresponding 5*0(6) Young tableau 9 I I - I I . one row of 
length q. Operators with the highest SU (4) weight in the [0, q, 0] have the form 
tr(0 1 ) 9 , modulo the 5*0(6) traces. 10 Because the color group is SU(N) rather 
than U(N), tr0 7 = so q > 2. Conformal dimension of a |-BPS chiral primary 
is related to its flavor quantum numbers as A = q. 

i-BPS operators form the next simplest family of chiral operators in the classi- 
fication of [25]. Their multiplets have spins from zero to 3. The primaries belong 
to [p,q,p] representations, and are annihilated by four out of sixteen Poincare 
supercharges. There is a restriction p > 2: for p = the operators are |-BPS; 
and in the case p — 1, they vanish after we take the SU(N) traces. The highest 
weight state of [p, q, p] corresponds to the 



1 




1 


1 




1 


2 




2 


Q 



(2.11) 



p 



50(6) Young tableau. In the free theory, |-BPS primaries corresponding to 

8 When referring to "primary" fields, we often have in mind the entire SU(4) multiplet to 
which the actual primary belongs. This slight abuse of notation is common in the literature. 

9 See for example [52] for a general discussion on constructing irreducible tensors of SO(n). 
10 For example, the highest weight state in the [2,0,2] is tr (0 1 ) 2 — \ Z)/=i tr ¥ ¥ ■ Operators 
in this representation are usually referred to as "tr JT 2 " in the literature, and are special since 
their descendants include the SU (4) flavor currents and the stress tensor. 
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(2.11) are of the form tr tr (<f) 2 ) p (modulo (<f) l ,<f) 2 ) antisymmetrizations, 

and subtraction of the SO (6) traces). However, there are many other ways to 
partition a given Young tableau, and each may result in a different operator after 
we take the SU(N) traces. A priori, we do not know if any of them are pure 
(i.e. eigenstates of the dilatation operator D), or are mixtures of operators with 
different scaling dimensions. So these operators should be regarded just as a basis 
of gauge invariant, local, polynomial, scalar composite operators in the [p, q,p] of 
££7(4). By taking linear combinations of these, we will construct eigenstates of 
D in general, and |-BPS primaries in particular. 

For completeness, let us mention the §-BPS operators, which form the last 
family of chiral operators in the classification of [25]. §-BPS multiplets are also 
short, with spins from zero to 7/2, and the chiral primaries are of the form 
tr (<j) 1 ) p+k+q ti (<j) 2 ) p+k tr (<j) 3 ) k (modulo (0 1 ,0 2 ,0 3 ) antisymmetrizations, and mi- 
nus the 5*0(6) traces), in the free theory. As before, there is a k > 2 restriction 
on the quantum numbers: k > 1 so the operators are annihilated by exactly two 
Poincare supercharges; while operators with k — 1 necessarily contain commuta- 
tors after we take the SU(N) traces, as tr0 7 = 0. |-BPS chiral primaries have 
££7(4) labels [p, q,p + 2k], and their scaling dimensions have protected values of 
A = 3k + 2p + q. Although these operators are also interesting, we will not study 
them here. 

When calculating n-point functions, it suffices to consider one (nonzero) cor- 
relator for a given choice of representations; all others will be related to it by 
£77(4) Clebsch-Gordon coefficients (by the Wigner-Eckart theorem). Therefore, 
we are free to take the most convenient representatives of the full SU (4) represen- 
tations, or of the smaller 577(3) x £7(1) bits into which a given representation of 



14 



577(4) breaks down. 11 The combinatorics of the problem simplifies if we consider 
operators of the form [{z\) p+q [z2) p ] and their conjugates, which is what we will 
do in this Chapter. 

Finally, suppose we have disentangled the mixtures of [p, q,p] scalar composite 
operators annihilated by a quarter of the Poincare supercharges, into linear com- 
binations of operators with definite scaling dimension. Furthermore, assume we 
found an operator y whose scaling dimension is protected. Since y is a pure oper- 
ator annihilated by four Poincare supercharges, it can be either a |-BPS primary; 
or a level two descendant of a f-BPS primary, but this case is excluded 12 by group 
theory; or a level four descendant of a non-chiral primary. If y were non-chiral, 
its primary would be a scalar composite operator of the form [z 2p+q ~ 3 z] ; and in 
all examples that we studied in this Chapter, such operators do receive 0(g 2 ) 
corrections to their scaling dimension. 13 We conclude that a scalar composite 
operator in the [p, q, p] , which is annihilated by a quarter of the supercharges and 
has a protected scaling dimension A = 2p + q, is a ^-BPS chiral primary. 

2.3 Contributing diagrams 

The two point functions we will be calculating are of the form 

^ Zi (p+*) Z2 p 

where [...] stands for gauge invariant combinations. The free field part of such a 

correlator is given by a power of the free scalar propagator [G(x, y)]^ 2p+g \ times 

11 All correlators in the resulting SU(3) x U(l) representations will have identical spatial 
dependence, since they come from the same SU(4) representation. 

12 If y came from a |-BPS primary, the parent primary would in the \p',q',p' + 2k] repre- 
sentation of SU(4), with k > 2. On the other hand, to make the scaling dimension and SU(4) 
Dynkin labels work out right, the only allowed choice is \p, q,p + 2], or k = 1. 

13 But see footnote 1. 



(x) 



z 1 z 2 



(y)) 



(2.12) 
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Figure 2.1: Structures contributing to two-point functions of scalars at order g 2 
through four-scalar blocks and the propagator. Thick lines correspond to ex- 
changes of the gauge boson, and of the auxiliary fields Fj and D (in the M—l 
formulation; after integrating out F t and D, the zzzz vertex). The scalar prop- 
agator remains diagonal in both color and flavor indices at order g 2 . At order 
g 2 , there are corrections to the scalar propagator coming from a fermion loop 
(dashed line) and a gauge boson semi- loop (wiggly line). Also, blocks involv- 
ing four scalars get contributions from a single gauge boson exchange, and from 
the four-scalar vertex. Gauge fixing and ghost terms in the Lagrangian do not 
contribute to (2.12) at 0(g 2 ). 

a combinatorial factor. 

From the Lagrangian (2.1) we can read off the structures contributing to 
the four-scalar blocks, and the leading correction to the propagator at order g 2 . 
These are shown in Figure 2.1, where they are categorized according to their 
gauge group (color) index structure (we will use the same notation as in [3]). 
The scalar propagator remains diagonal in both color and flavor indices at order 
g 2 . Notice that the corrections proportional to B are antisymmetric in i and j, 
hence they are absent when the scalars in the four legs have the same flavor. 
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Figure 2.2: Diagrams contributing to two-point functions of scalars at order g 2 . 

Thus we will have to compute contributions of six types 14 (see Figure 2.2). 

Most Feynman diagrams we come across are easier to evaluate in position 
space, where they factorize into products of free propagators and the blocks 
shown in Figure 2.1, and everything except for the combinatorial factors out 
front is almost trivial. In momentum space, on the other hand, even the simplest 
0(g 2 ) graphs contain divergent subdiagrams. 

The functions A and B will be discussed in detail in Section 2.5. Coor- 
dinate dependence of B is parametrically determined by conformal invariance, 
B{x, 0) = a\og(x 2 fi 2 ) + b. The coefficients a and b can be found using, for exam- 
ple, differential regularization [53], or a simpler equivalent prescription: replace 
1/x 2 — > \j[x 2 + e 2 ) for propagators inside integrals (e ~ is related to the 
renormalization scale). With this, 

(d 4 z) [An 2 x 2 ] 2 



»M) = -\y 2 j 



' [Ati 2 ((z - x) 2 + e 2 )f [An 2 (z 2 + e 2 )f 
= -Y 2 ^- 2 [log(x 2 /e 2 )-l] (2.13) 

(for jV=4 SUSY, Y 2 = 2g 2 ); the same result is obtained in dimensional regular- 
ization. 



14 If all scalars were of the same flavor, say 1 (as is the case for i-BPS operators considered 
in [3] and [5]), we would only have to consider diagrams of types (a) and (d). 
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2.4 The simplest cases 



We begin by considering scalar composite operators in representations \p,q,p] of 
the color SU (4), which have 2p + q = 4 and 5. 

The case of A = 4 + 0(g 2 ) has been studied before. For example, the authors 
of [7] argued that there are two operators 15 O^ 2 ' ' 2 ^ and oj, 2 ' ' 2 ^, which are made 

[2 21 

of four scalars and annihilated by four supercharges. 0[' is a descendant of 
the Konishi scalar (Y%=i tr < t >1 4> 1 ^) an d therefore is pure (i.e. is an eigenstate of 
the dilatation operator), since the Konishi scalar is pure. The other operator, 
O%' ' 2 \ contains a piece proportional to Of'°' 2 \ but the rest is a chiral primary. 
The method in [7] was to analyze four-point correlators of certain |-BPS oper- 
ators, and to look at the possible operators in exchange channels. They found 
that there is a |-BPS operator exchanged by demonstrating that there is a pole 
corresponding to an operator of scaling dimension A = 4. They determined this 
operator to be y m = O l2 '°' 2] - ^O [2 ' ' 2] . 

Unfortunately, this method does not generalize to chiral primaries with scal- 
ing dimension A > 6, as we shall see in Section 2.6. So instead we explicitly 
compute two-point functions of scalar composite operators of a given scaling di- 
mension, and find the ones which do not get corrected. This allows us to fix the 
normalization of |-BPS operators as well. 

2.4.1 Scalar composites with weight [2,0,2] 

The simplest operators annihilated by four out of sixteen Poincare supercharges 

correspond to the highest weight state of the 84 = [2,0,2] of 577(4). The 50(6) 

Young tableau for representation is pp| . An 5*0(6) irreducible tensor T with 
15 For the notation and definitions, see Section 2.4.1. 
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this symmetry is made from the corresponding Gl(6) irreducible tensor T° by 
subtracting all possible 5*0(6) traces: 



T 



-{t? 



Sat + T° 5 ab + T° 5 bc + T° 5 ad ) 



• 


• 


a 


d 



(2.14) 



where W = ELi^ • Reca11 that the su ( 4 ) ~+ su (3) x U(l) projection (2.2) 
is realized on the elementary fields as <j) a = ^( z a + z a ), 4> a +?> = ~/ 2 i z a — z a), 
a = 1,2,3. Under this "3+1 split," the highest weight state of [2,0,2] becomes 
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2 



\( T m +2T m +2T m +2T m +T m 
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1 




2 


2 
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1 
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2 





+ c.c. 



terms with lower U(l) charge 



(2.15) 



where in the left hand side, 1 = 1 ; and in the right hand side, 1 = z±, 1 = z±, 
etc. We see that after this projection, we don't have to worry about subtract- 
ing the SO(Q) traces, if we are only interested in the highest U(l) charge op- 
erators. Henceforth, we will consider operators made by applying the Young 
(anti)symmetrizers corresponding to this tableau, to the string of Zj-s- 16 

We can construct one single trace and one double trace operators with the 
highest [2,0,2] weight. When projected onto SU(3) x U(l), they become 



£) [2,0,2] 

Oj.2,0,2] 



= tr z 1 z 1 z 2 z 2 — Xxz\z 2 z\z 2 = -§tr [z± : z 2 ][zi, z 2 ] (2.16) 
= 2(trzi^i tr z 2 z 2 — trziz 2 tr Z\Z 2 ) (2-17) 



£,[2,0,2] 

is a descendant; by consecutively applying four SUSY transformations, 7 

it can be obtained from the Konishi scalar, /Co = XxZjZ* . More explicitly, acting 

16 Computing two point functions of operators in representations of SU(3) x U(l) is as good 
as computing two point functions of the original S[/(4) irreducible operators, see Section 2.1. 
In the following, we will neglect the 50(6) traces without a comment. 

17 Supersymmetry transformations are listed in Appendix 2.9.1, see equations (2.90-2.96). 
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with the SUSY generator Qq gives 

= 0, 8<& = V2(ft, = iei kl [z k , z t ]C, (2.18) 

and with Q^ 3 , 

8 C3Zj = -V2( 3 \5 3j , 5 C3 A = 2i[ Zl , z 2 }( 3 , (2.19) 

thus 

(0 c -) 2 /C = QpiZjVttfi = 6iV2(tt)tT[z 1 ,z 2 ]z 3 , 
(g f3 ) 2 (Q f -) 2 /C = -12^(CC)Qc3tr[^i^2]C3A = 24(CC)(C3C3)tr[z 1 ^ 2 ] 2 

= -48(CC)(C3C 3 )0S 2 ' O,2] (2.20) 

[2 2] 

The four generators which annihilate 0\' , are the ones we acted with to obtain 
it from K,q. However, since /C is a non-chiral primary, its descendant Of '°' 2 ^ is 
not |-BPS, despite being annihilated by a quarter of SUSY generators. 

The free field results for two point functions of of' ' 2 ^ and 2 2 ' ' 2 ^ are 



(OiOi) (da 2 )\ 3(iy 2 -l)G 4 4iV 

(O2O1) (0 2 2 )) hcc ~ 16 \AN 8(iV 2 -2) 

while the leading corrections are found to be 

(O.O,) {O x 2 )\ 9(N 2 -1)G\BN) (N 2 4iT 



(2.21) 



(2.22) 



(0 2 1 ) (0 2 2 )j g2 16 \AN 16 

here (OiOj) = (£>[ 2 '°' 2] {x)Of°' 2] (y)) , and G = G(x,y), B = B(x,y). Some 
helpful formulae we used for deriving (2.21-2.22) are collected in Appendix 2.9.2. 

By looking at (2.22), we conclude that neither of' ' 2 ' nor 2 2 ' ' 2 ^ are chiral. 
However, there is a linear combination of these two operators which has protected 
two point functions at order g 2 . The operator 

y [2A2] (x) ee 0?M(x)-±0?'W(x) (2.23) 
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satisfies (XV) = (yOi) = 0, so !V [2,0,2] is orthogonal to the descendant of the 
Konishi operator of'°' 2 \ and has protected dimension Ay = 4 at order g 2 . Com- 
putationally, this cancellation is rather intricate: all (OiOj) have very different 
large N behavior. 

We can also calculate the two point function of the Konishi scalar with itself: 
(/Co(z)My)) = 3(N 2 -l)[G(x,y)] 2 {l + 3B(x,y)N + 0(g 4 )} (2.24) 
so (O [ ^ 2] (x)O?' ' 2] (y)) = ±N 2 [G(x,y)] 2 (!Co(x)!C (y)) + 0(g*), which is just 

[2 21 

the free theory result. In particular, /C and its descendant 0[' ' have the 
same normalization and their scaling dimensions differ by 2, as they must: with 
B(x, 0) given by (2.13), the scaling dimension of O [2 ' ' 2] is Aj = 4 + f0 + 0{g 4 ), 
and that of /C is A^ = 2 + + 0(g 4 ), in agreement with [7]. The mixture 
£)J.2,o,2] _ 3^? [2,0,2] + ^Oi 2,0 ' 2 ' has the two-point function with itself which breaks 
down into two pieces, 

{Of"- A (x)Of x \y)) = CW^JWy)) + ^ (0^\x)Of°-\)) 

C > + P.25) 



Logarithmic corrections to (O^2' 0,2 \x)O^2'°' 2 \y)) are due entirely to the second 

0(g 2 ) corrections to all two-point functions just considered are proportional 
to B. In other words, only the contributions due to diagrams of type (c) in Figure 
2.2 survive, and all other corrections cancel. As we will show in Section 2.5, this 
is a general phenomenon. Also, in the large N limit the fraction (O1O2) /{O1O1) 
is suppressed; it vanishes in the limit N — > 00, g 2 N fixed. 18 

One can show that conformal dimension of [V[2,o,2] is protected perturbatively 
(to order g 4 ) and nonperturbatively (for any instanton number) as well, see [7]. 



18 



The large N limit will be analyzed in more detail in Section 2.7. 
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Non-renormalization of scaling dimension of y hints at its BPS property. Fol- 
lowing the authors of [7], we suggest that it is indeed a ^-BPS chiral primary 
operator. 

2.4.2 Scalar composites with weight [2,1,2] 

The story is similar in the case of the 300 = [2, 1, 2] of SU(A). The only scalar 
composite operators corresponding to the highest weight of this representation 
are (after the projection onto SU(3) x U(l), as discussed in Sections 2.1 and 
2.4.1) 

0P' 1 ' 2 ] — tTZiZ 1 ZiZ2Z2—tTZiZ 1 Z2Z 1 Z2 — —ltT[zi,Z2][zl,Z 2 ] (2.26) 

Ojj 2,1 ' 2 ' = \xz\Z\Z\ tr z 2 z 2 — 2tr z,z 2 tr z,z 2 Zi +tTZiz 2 z 2 tr z,z, (2.27) 

[2 ' 1,2] is a descendant; (Q (3 ) 2 (Q ( -) 2 str z^t oc [2,1 ' 2] just like in Equation (2.20). 
Born level and order g 2 two point functions are 

(O.O,) (0,02) \ = (N 2 -l)(N 2 -A)G 5 f (N 2 6N \ 

(0 2 0,) (O2O2)) ~ 1QN \\6N Q(N 2 -3)) 

(N 2 6N\ ) 
+ ABN + 0(g 4 ) } (2.28) 

\6N 36 J J 

where (O l 3 ) = (Of' 1 ' 2] {x)df 1 ' 2] {y)), and G = G(x,y), B = B(x,y) as before. 

(Note that corrections proportional to A and B cancel again.) There is a linear 

combination of 0\ ,1,2] and C|' 1,2] 

y W] (x) = 2 2 ' 1 ' 2] (x)-^0?' 1 ' 2] (x) (2.29) 

whose two point functions with arbitrary operators do not receive perturbative 
order g 2 corrections. Again, it seems reasonable to conclude that [V[2,i,2] is a 
^-BPS operator, as it is annihilated by four out of sixteen supercharges, has a 
protected scaling dimension Ay = 5 (at order g 2 ), and contains no descendant 
pieces, (^[2,1,2] {x)of h2] (y)) = 0. 
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2.5 A Gauge Invariance Argument 



In Sections 2.4.1 and 2.4.2, we explicitly calculated the 0(g 2 ) corrections to 
two point functions of scalar composite operators. We found that corrections 
proportional to A and B cancel, i.e. gauge group combinatorics demands that 
diagrams containing a gauge boson exchange do not arise in the correlator. Here 
we give a general derivation of this fact, which boils down to gauge invariance of 
the operators in question, and gauge dependence of A and B. 

The two point functions we have been considering are of the form 

([z m ](x) \z m \{v)) (2-30) 

where [z m ](x) is some gauge-invariant homogeneous polynomial (of degree m) 
in the zf-s. Diagrams involving a gauge boson exchange which contribute to 
the two-point functions of the form (2.30), are proportional to either A(x,y) or 
B(x,y), see Figure 2.1. By using nonrenormalization of the two point function 
(tr z 1 z 2 (x) trziz 2 (y)), one can immediately see [3] that B(x,y) = —2A(x,y), so 

{[z m ]{x)\z m ]{y)) {A+B) = c g A(x,y)[G(x,y)r (2.31) 

where c g is some combinatorial coefficient. 

Conformal invariance restricts A(x,y) = a\ogx 2 fi 2 + b. The constants a and 
b turn out to be gauge dependent. The gauge fixing parameter £ enters the 
expression for the scalar propagator as 19 



p 4 J (2n) d k 4 (p + k) 2 
1 



( . + 7 + O(e) 



+ (^-independent) (2.32) 



19 By changing £, we can vary both the pole piece and the 0(e ) term (but we can't make 
them both zero simultaneously; the ^-independent part is proportional to a different integral). 
Compare this with [54], where order g 2 corrections to the scalar propagators were found to 
vanish in super- Feynman gauge of J\f=l formulation of the theory. 
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in momentum space (in dimensional regularization [55] ; e = | — 2 and 7 is Euler's 
gamma constant), so in position space 



A(x,0) 



= jTr 2 g 2 t; log x 2 fi 2 + log 4:71 — 7 + (^-independent) 
= a log x 2 /x 2 + 6 



(2.33) 



after factoring out the free propagator G(x, 0). Both a and 6 have pieces linear 
in the gauge fixing parameter £. 

Since a correlator of gauge invariant operators must be gauge independent, 
the combinatorial coefficient multiplying A(x,y) in equation (2.31) must vanish; 
we necessarily have c g = 0. This is a general phenomenon, illustrated by an 
explicit calculation of Sections 2.4.1 and 2.4.2: gauge dependent contributions 
are proportional to 2 A + B = 0. 

In the 0(g 2 ) calculations of correlators of |-BPS operators [3] and [5], there 
were no other contributions to two-point functions except for A and B. Thus, 
gauge invariance together with A/"=4 SUSY (which is needed to make 2A+B = 0) 
guarantees that the correlators of [3] and [5] receive no order g 2 corrections. 

2.6 Operators of dimension 6 and higher 

At this point, we would like to consider operators made of 2p + q > 6 scalar fields. 
According to the classification of [25], these \p,q,p] operators are the candidates 
for i-BPS chiral primaries. However, a new complication arises compared to the 
cases of 2p + q < 5 studied in Sections 2.4.1 and 2.4.2. Now, there are many ways 
in which we can make gauge invariant combinations of fields, and hence many 
scalar composites have to be taken into account. Apart from single and double 
trace operators we have seen so far, operators made of three or more traces also 
have to be considered. 
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This phenomenon has a counterpart in the context of |-BPS operators, see 
[5]. The crucial difference is that in our case, none of the scalar composites are 
pure, and only some special mixtures have a well defined scaling dimension. In 
general, the "naive" scalar composite operators will have nonvanishing two point 
functions with each other, whenever this is allowed by group theory. Unlike in 
the simplest cases of Section 2.4, operators containing commutators are not pure, 
but contain pieces which are descendants of different operators. 

To find pure operators, in this Section we calculate the two point functions 
of highest weight [p, q,p] scalar composites of' q ' p \ and arrange them as 20 

(Of q > p \x)Of q ' p \y)) = [G(x,y)]^ [F y + B(x, y)N G« + 0(g 4 )} . (2.34) 

Here, F the matrix of combinatorial factors at free level; and G, of order g 2 cor- 
rection combinatorial factors. Note that there can be no corrections proportional 
to A or B, as was argued in Section 2.5. Both F and G are matrices of pure 
numbers; they are still functions of N, but coordinate and g 2 dependence are 
all absorbed in B and [G(x, y)] <y2p+q \ Now the problem becomes one of linear 
algebra: starting with a basis of Of ,q,p \ we want to find their linear combina- 
tions yf' q ' p ^ that are pure operators. The yf' q ' p ^ have a well defined renormalized 
scaling dimension Aj = A + A] + 0(g 4 ); A = 2p + q for all [p,q ' p] and hence 
for all y^ p ' q,p \ Such operators can be chosen orthogonal at Born level, and so 



(yf^ylr^ = Ct q * ] % U + p._ A i logfI 2 x 2 + 0{g ^ {2 35) 



to order g 2 . Coefficients A] ~ (3j ~ g 2 correspond to corrections of y^' q ' p ^s 
scaling dimension and its normalization; (5j depends on the renormalization scale 
ji. To distinguish the pure operators which do receive corrections to their scaling 



20 



The operators we are working with are after the projection onto SU(3) xU(l), as discussed 
in Sections 2.1 and 2.4.1. The 0^f ,q,p ^ are made of only z-s and no z-s. 
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dimension, we will denote them by y, and reserve the notation y for the ones 
that have 0(g 2 ) protected two point functions. 

This is a standard problem, analogous to finding the normal modes of small 
oscillations of a mechanical system (see [56], for example). We have to diagonal- 
ize a symmetric matrix G of corrections with respect to the symmetric positive 
definite matrix F of free correlators. In other words, we need to find the eigen- 
values of matrix F _1 G. If some of them vanish, the corresponding eigenvectors 
are operators whose two point functions (with themselves as well as with other 
operators) do not get order g 2 corrections. We conjecture that these are in fact 
the ^-BPS operators we are after. 

We will now illustrate how this method works with the example of the [3,1,3] 
representation of SU(A). The scalar composites corresponding to the highest 
weight of the [3,1,3] = 960 of SU(A) are the following five linearly independent 21 
operators: 

Cq 3 ' 1 ' 31 = tr ziziziz 2 ziz 2 z 2 - tr ziziziz 2 z 2 ziz 2 (2.36) 

,-,-,[3,1,3] i, i, i, 

Wl = i^XY Z\Z\Z\Z\Z 2 Z 2 Z 2 — i^Y Z\Z\Z\Z 2 Z\Z 2 Z 2 — Z\Z\Z\Z 2 Z 2 Z\Z 2 

+ |tr Z\Z\Z 2 Z\Z 2 Z\Z 2 + ^tr z\Z\Z 2 z 2 Z\Z\z 2 (2.37) 

£)J3,1,3] _ fa Zx Z\Z\Z\ fa z 2 Z 2 Z 2 — ?>XXZ\Z\Z\Z 2 tr z 1 z 2 z 2 (2.38) 
+ (2 tr z 1 z 1 z 2 z 2 + tr ZiZ 2 ZiZ 2 ) tr Ziz±z 2 - tr Z\Z 2 z 2 z 2 tr Z\Z\Z\ 

Z\Z\Z 2 z 2 z 2 — tr Z\Z 2 Z\Z 2 z 2 ) \xz\Z\ 
+ (tr z 1 ziz 1 z 2 z 2 - tr z 1 z 1 z 2 z 1 z 2 ) tr z x z 2 (2.39) 

q[3,i,3] _ fa z x z 2 (2 tr z\z 2 tr z\z 2 z 2 —trz 2 z 2 tr z\Z\Z\ — 3trzi^i tr Z\z 2 z 2 ) 

+tr ZiZ\ (tr z 2 z 2 tr Z\Z\Z 2 + trz\Z\ tr z 2 z 2 z 2 ) (2.40) 

The C^ 3 ' 1 ' 3 ' are constructed by applying Young symmetrizers to all possible gauge 
21 For N < 4, the number of independent gauge invariant operators is smaller. 
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invariant combinations of (^i) 4 ^) 3 . The symmetrizers correspond to the tableau 



^ of 5(9(6), while gauge invariant combinations amount to grouping the Zi-s 



into traces. Operators resulting from other partitions and symmetrizations turn 
out to be linear combinations of the of' 1 ' 3 ^ above. 



More explicitly, the operators listed in (2.36-2.40) are constructed as 



7 = 7: 


£,[3,1,3] 


7 = 4 + 3 : 


£,[3,1,3] 


7 = 5 + 2: 


£,[3,1,3] 


7=3+2+2: 


Of 1 ' 31 



T_T_T_ 



mm 
mn 



(2.41) 
(2.42) 
(2.43) 
(2.44) 



where each continuous group of boxes stands for a single trace. Although it does 
not appear in this example, in general it matters not only how we partition the 
string of letters, but exactly which letters we put in the groups before we apply 
the symmetrizers. Also, there can be more than one operator corresponding to 
the same partition, provided there are multiple Young symmetrisers for a given 
tableau (Oj?' 1 ' 31 and [3X3] here). 

Here we should mentions that operator oj 3,1 ' 3 ' has some special properties. 
It satisfies {O 13 ' 1 ' 3 ^ = -(cj 3 ' 1 ' 31 )* while for all other operators (of' 1 ' 3 ^ = 
+ (e>! 3,1 ' 31 )*. As a result, Of' 1 ' 31 has zero correlators with everything else. It 
is also the only pure operator out of all the of' 1 ' 3 ^ appearing in (2.36-2.40). It is 
a descendant, and we will not consider it below. 

So we calculate explicitly the \ ■ 4 • (4 + 1) = 10 two point functions of [3,1,3] 
operators, and arrange them as in Equation (2.34). We calculate the matrix F 
of free correlator combinatorial factors; and the matrix G, of order g 2 correction 
combinatorial factors. The matrix F _1 G is 4 x 4; it has two zero eigenvalues, 



27 



while the other two satisfy a quadratic equation. We find 



768 



5AT3 (jv-2 _ !) (_/v 2 - 4) 





N 2 +3 

N' 2 


12 

AT 


12 

JV 


72 
W 


\ 




12 


36(JV 4 -8AT 2 +18) 


108 


72(2Ar 2 -9) 






N 




Iv 2 " 








-12 


108 


36(7V 2 +6) 


72 






N 




5N 2 


N 




V 


72 
TV? 


72(2AT 2 -9) 

AT3 


72 

JV 


72(V 2 -3) 
N 2 


J 



(2.45) 



for the matrix of free combinatorial factors, and 



128 



25iV 3 (N 2 - 1) (iV 2 - 4) 



G 



/ n2 + 7 

n(N 2 +3) 

w 

72(iV 2 +l) 



12(iV 2 +3) 



V 



96 



144 

IT 1 

_ 144 
864 



72(jV 2 +l) 
_144 

~w 

144(7V 2 +16) 
25N 1 
288(Af 2 +6) 
glV 3 



96 

w 

864 
JV3" 

288(AT 2 +6) 
STv 3 



576 



(2.46) 



for the matrix of corrections proportional to B(x,y)N. 
The vectors killed by F : G work out to be 



[3,1,3] 



•yj.3,1,3] 



12N of' 1 ' 31 + Of' 1 ' 31 



iV 2 -2 



96 -[3,1,3] 



4AT 



A^ 2 -2 
+ 



O 



[3,1,3] 



£,[3,1,3] _J^V_ £) [3,1,3] 



(2.47) 



A^ 2 -4 2 iV 2 -4 3 

They correspond to zero eigenvalues of F _1 G, and so are the candidates for 
i-BPS primaries in the [3, 1,3]. 22 The remaining eigenvectors of F X G 

10 



,~,[3,1,3] 
^3 



^[3,1,3, 



£,[3,1,3] _ 



£,[3,1,3] 



3 (N + ViV 2 + 160 
^[3,1,3] _ 3 (jV - VWT60) g?|1|3] 



10 



(2.49) 
(2.50) 



correspond to eigenvalues 27 + MM for j>]; 3 ' 1,31 , and 27 - 3 ^g+^ for ^i 3 ' 1 ' 31 ■ 
Expressions (2.47-2.50) are exact in N, and are not just large iV approximations. 
As expected, the descendants y are mixtures of operators involving commutators. 



22 We chose y^ 3,1,3] to be orthogonal to y[ 3,1,31 , in the sense that (yf' h3] yf h3] ) = 0. 
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Note that both the g 2 corrections to the scaling dimension of y and their 
expansion coefficients involve radicals (so there is really no way to "guess" the 
pure primaries such operators came from). Also, radiative corrections to all A-s 
are non-negative, since at free field level the of' 1 ' 2 ^ are annihilated by a quarter 
of the supercharges, and hence saturate the BPS bound. 

Other representations are similar and we do not give the details here. How- 
ever, it gets quite cumbersome as the number of (9's increases. The prescription of 
Sections 2.4.1 and 2.4.2 (find the pure non-BPS primaries, list their descendants, 
then subtract these pieces from the candidate |-BPS operator) also becomes 
difficult to implement in the Af=l component approach. On the other hand, 
harmonic superspace gives us valuable insigths, and this more efficient approach 
is used in Chapter 3 to analyse these representations. 

2.7 Large N analysis 

As we have seen, computations get more and more cumbersome as one tries to find 
i-BPS operators for bigger representations of the color group; even the number 
of operators one has to consider is a nontrivial function of the representation. 
Symmetry factors multiplying the Feynman graphs show no immediate pattern, 
and most of the results presented in Sections 2.4.1, 2.4.2, and 2.6 had to be 
calculated using Mathematical 

The next best thing we can do is consider the large N limit. Specifically, 
we shall concentrate on the leading behavior as iV — > oo, plus the first 1/N 
correction. 

23 The calculations took from 0.003 hours for the [2,0,2] representation to 23 hours for [3,1,3], 
per single 0(g 2 ) two point function. We used a Sparc 10 with 2048 M memory and 440 MHz 
speed. Born level calculations were considerably (about 20 times) faster. 
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2.7.1 Operators [p ^ p] and IC [p ^ p] 

Let us take another look at the results of Section 2.6, where we managed to 
perform 0(g 2 ) analysis exactly in N rather than in the large N approximation. 
In all cases considered so far, there is a special |-BPS chiral primary y^' 3 ' 2 ^ 
which is made of only the double trace and single trace operators. At large N, 
this operator is a combination of only a particular double trace operator, and the 
single trace operator, whose contribution is 1/N suppressed. The goal of Section 
2.7 is to show that this is in fact what happens for general [p, q,p] representations. 
Here, we begin by defining these operators. 

Recall that the 5*0(6) Young tableau for the [p,q,p] of SU(4) consists of 
two rows (one of length p + q, and the other of length p). Among the possible 
partitions of the highest weight tableau, there are two special ones 



O 



\P,Q,P] 



1 




1 


1 




1 






2 




to 


1 



\p,Q,p] 



1 




1 


1 




i 


2 




2 


q 



(2.51) 



p v 

where each continuous group of boxes stands for a single trace, as before. Ex- 



plicitly, the corresponding operators are 

tr [z l p+q ~ k z 2 k ) s tr (z 1 k z 2 p ~ k ) t 



[p,9,p] ~ kk\(p-k)\ 

f (-l)*p! 
[p ' q ' p] ~ t k\(p-k)\ tT 



( ' P+q-k k\ ( k p-k\ 



(2.52) 
(2.53) 



(after projecting onto SU (4) — > SU (3) x U(l) and keeping only the highest U(l)- 
charge pieces, as discussed in Sections 2.1 and 2.4.1). Made of only z\ and z 2 , 
both types of operators are annihilated by four out of the sixteen Poincare super- 
symmetry generators: using the SUSY transformations spelled out in Appendix 
2.9.1, we find Q^Zj = 0, Q&Zj = —\f2{\C, z )8^j, so 



QcP\p,<l,P\ ~ Qcs^[p,q,p] — Q<;fc\p,q,p] — QCs^\p,q,p] ~ 0- 



(2.54) 
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It is clear why K]p, q , p ] is special: it is the only single trace \p,q,p] operator 
which can be constructed out of these fields. On the other hand, C[p,g,p] is "the 
most natural" double trace composite operator in this representation. We also 
recognize it as the free theory chiral primary from the classification of [25] . 

As we have seen, neither the single trace K[ p ^ nor the double trace C[p,g, p ] are 
eigenstates of the dilation operator, for general N. Below we calculate correlators 
(OO), {OK), {KO), and {KK), in the large N limit, and determine the pure 
operators and their scaling dimension in this approximation. 

2.7.2 General correlators (0[ p ^^O[ p ^ p ]) to order g 2 

Let us first consider the {0\p !qtP ]{x)0\p tq ^{y)) correlators. The free contribution 
is just a power of the free scalar propagator G(x,y) = [4ir(x — y) 2 ]^ 1 , times a 
combinatorial factor: 

\C<(t 7i n ( 2 P+9) V (~ l ) k ^ <pP+q,P 



where 



p+q,p 



{[str{z 1 Y P+ ' 1 - k \z 2 ) k } (x) [str^)*^)^-*)] (x) 
[str { Zl )^- l \z 2 ) l \ (y) [str( Zi y(z 2 )^] (y)>, 



(2.56) 



pff* = ^2[strt ak + 1 ...t ap+ H bl ...t bk 



strt ai ...t a H bk+1 ...t bp 



[str tMi+i) _ ..fMp+a) f b p(i) _ _ ^ b p(o s t r t a <r(i) . ..£M0 t fc p(i+i) . . ,t b p(v) 



(2.57) 



(a and p sample over groups of permutations S p+q and S p on p + q and p letters, 
respectively) . 
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Like in the 1-BPS case, the leading contribution 24 to F p k + l q ' p ~ (iV/2)( 2p+9 ) 
comes from terms in which generators appear in reverse order for z-s and z-s. 
To estimate the large N behavior we can use equation (2.118) to "merge traces," 
(tYt dl ...t da t c )(trt c t d! >...t dl ) rsj \trt dl ...t ds t ds ...t dl ~ (N/2) s+1 . In order to find the 
numerical factor out front (which does not scale with N but depends on p and 
q), we should determine exactly which terms have this structure. 

The generators can appear in opposite order in two pairs of traces in (2.57) 
under the following circumstances. First, it can happen when k = I and the traces 
are merged as 1 with 3 and 2 with 4. The factors which arise are: [1/p!] 2 from 
symmetrizations in the 2-nd and 4-th traces; [l/(p + q)\} 2 from symmetrizations 
in the 2-nd and 4-th traces; p\ because for any ordering in the 1-st trace there is 
an identical one in the 3-d trace; (p + q)\ for the same reason for the 2-nd and 
4-th trace; k\{p — k)\ since any permutation of just t a -s or just t b -s in the 1-st 
trace can be "undone" by <7-s and p-s in the 3-d trace; and similarly k\(p + q — k)\ 
for the 2-nd and 4-th trace; p(p + q) because of trace cyclicity. There is also an 
overall factor from the definition (2.52). Second, if q — 0, we can merge traces 
the other way: 1 with 4 and 2 with 3; in this case k = p — I and all other factors 
are the same. Thus, the leading contributions 25 add up to 



{0^ q;p] (x)O btqM (y))\ hcc ~ (±NG(x,y) 



V 



X 



k=0 



,k 



p\ 



1 2 



k\(p - k)\ 



k\(p - k)\k\(p + q - k)\ 
(p- l)\(p+q- 1)! 



\p-k 



= ^NG(x,y)) + (q~+T) ( > 

The reproduces the leading order correlators in the low dimensional cases consid- 
ered in Sections 2.4.1, 2.4.2, and 2.6. Also note that if q — and p is odd, both 
operators C[p,g, p ] and 1C\p^ p ] vanish identically, in agreement with (2.58). 



24 See Appendix 2.9.2 for useful SU(N) identities. 
25 The error we are committing is of order 0(N~ 2 ). 
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Now consider the corrections to this result. Diagrams contributing to two 
point functions of scalar composite operators at 0(g 2 ) fall into two categories, 
see Figure 2.2. On the one hand, there are Feynman graphs involving a gauge 
boson exchange (these are proportional to A or B). On the other hand, we 
also have gauge independent ones (proportional to B) coming entirely from the 
zzzz-vertex. These two types of corrections have different combinatorial (index) 
structure, and we shall handle them separately. 

2.7.2.1 Gauge dependent contributions: Combinatorial Argument 

In Section 2.5, we argued that two point functions of gauge-invariant operators 
can not contain pieces proportional to the gauge dependent functions A and B. 
Here we show this explicitly for operators C[p, g , p ] and /C[p, g ,p]- This is the only 
part of Section 2.7 which is exact in N, and is not just a large N approximation. 

The simplest order g 2 contribution to (C[p,g,p](D[p,g,p]) comes from corrections 
to the scalar propagator (diagrams of type (a) and (b) in Figure 2.2). It has the 
same index structure as the free field result, and so is the same up to a factor 
(p + q)NA for (a)- and pNA for (b)-type diagrams. These factors simply count 
the number of Zi-s and z 2 -s. 

Next consider the other diagrams where the correction comes from blocks with 
the same flavor in the four legs, ones of type (d) and (e). Each term in the k, I 
sum in (2.55) receives corrections of the form 

P+Q 

(±)(1)(-1)(2)BJ2 X! [tot bk + 1 ...t b >t ai ...t ak ] [trt ak + 1 ...t a *>+H bl ...t bk 

£ b e('+ 1 )...£ 6 p(iO£ < M 1 ) ... [t a "W,t c ] ... [t a "^\t c ] ...t aa ( p+q H b p( 1 K..t b p( l A (2.59) 

where all traces have to be symmetrized, and the second line also contains two 
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traces. 26 The prefactor multiplying the sum comes about in the following manner: 
a factor of (|), since the sum is on i ^ j rather than on i < j; similarly the other 
(!) arises because using {cr(i), cr(j)} and {<r(j), cr(i)} counts the same pair twice; 
a factor of 2 has to be taken into account as the two cross-symmetric pairs give 
the same contribution; and finally (—1) is there from two factors of % which are 
needed to convert f-s to commutators. 

The structure in the sum (2.59) consists of four kinds of terms. The two 
commutators can be both in the third trace, or both in the fourth trace, or one 
in either trace. When both commutators are in the same trace, we can play the 
same game as for !-BPS operators. Fix % and do the sum on j first; this assembles 
(...[t a «w,t c ]...) + ... + (...[tMO,t c ]...) = (...[iMi)...iMi)/].„) for example. Then, 
use trace cyclicity in the form tr [A, B\C = tr A[B, C] to move one of the traces 
over to the other commutator and t bp -s; here we pick up a minus sign which cancels 
the (-1) in (2.59). As [[f°,t c ],f c ] = Nt a , the first bit is easy — just like in the \- 
BPS case, it is proportional to (+^BN) times the free-field combinatorial factor; 
when we do the sum on % we also get a factor of (p + q) here. As B + 2A = (by 
jV=4 SUSY), this part cancels the diagrams of type (a). The leftovers, together 
with the terms with commutators in different traces, add up to 



\B [trt 6fc+1 ...t 6 »'t 01 ...i afc ] [trt ak + 1 ...t ap +H bl ...t bk ] 



(T,p 



t r f b p(i+i) . ,.t b p(p) fMi) . . .fMo 



tr [t a < l + 1 K..t a ^p+^,t c 



t b pm...t b rv\t c 



+ 

-2 



tr 



t b pV+V ...t b p(p) ,t c [t a "( 1 K..t a ''( i \t c ] tit a < T{ - l+1 K..t a < T{ -p+ c >H bp{1 K..t b p { - l *> 



trr^+ 1 )...r"W [f'W..iM'),f] tr [£Mm)...tMp+ 9 ) ; t c ]t 6 P(i)...t fe P(0 (2.60) 



Similarly, there are diagrams of type (e) in Figure 2.2, where all of the flavors 
are "2" in all four legs. Here, we have a term proportional to the free-field result 



26 We will omit the [G(x,y)]( 2p+q ^ factor which is common to all diagrams. 
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(the only difference being an overall factor of p rather than p + q), which cancels 
contributions from diagrams of type (b). The leftover term is the same as what 
we have just computed. This removes the factor of \ from (2.60). 

Finally consider the diagrams of type (f). Now we have both flavors "1" and 
"2" in the four-scalar blocks, while the index structure is the same as that of (d) 
and (e). The discussion goes through as above, but with a few small modifications. 
First, the pref actor is just (—1)B as now the indices % and j run over different 
flavors (so there is no u i ^ j overcounting," no u {a(i),a(j)} overcounting," and 
no factor of 2 from crossing symmetry). Second, we do not pick up a minus sign 
when transferring commutators under the traces (before, both commutators with 
t c were on, say, t a -s, whereas now one is on t a and one on t b ). Therefore, the 
result of adding the diagrams of type (f ) is to precisely cancel the whole leftover 
structure of (twice that given in) equation (2.60). 

Thus we have explicitly reproduced the general result of Section 2.5, but with 
a lot more work: A and B contributions to two-point functions of gauge-invariant 
scalar composite operators combine as 2 A + B, which vanishes by A/"=4 SUSY. 

2.7.2.2 Contributions proportional to B 

So far we have established that adding all gauge dependent Feynman graphs, i.e. 
diagrams of types (a), (b), (d), (e), and (f) shown in Figure 2.2, gives a vanishing 
0(g 2 ) contribution to the two-point functions (2.55), once we impose A/"=4 SUSY. 
Just as in the cases of low dimensional operators considered in Sections 2.4 and 
2.6, the 0(g 2 ) corrections to the two-point function of [p, q,p\ operators come 
exclusively from diagrams of type (c), and are proportional to B. To find the 
combinatorial factor multiplying B, we need to perform a calculation similar to 
the one in Section 2.7.2.1. 
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Here, "contracted with /-s" are z-s with z-s and z-s with z-s (unlike in dia- 
grams of types (d), (e) and (f), where it was one z and one z), and it is more 
convenient to label the generators slightly differently. For example, the free-field 
result (2.57) can be rewritten as 



F>+™ = [strt a °( k + 1 K..t a »( p + q H bl ...t bk 



[strt ai+1 ...t ap+q t bp W ...t h »( 



(T,p 



strt a °w...t a ^ k n bk+1 ...t bp 
strt ai ...t ai t b p( l + 1 \..t b p^ 



(2.61) 



For the Born level combinatorial factor it makes no difference, but in calculating 
the order g 2 diagrams of type (c) we "/-contract" i-th z\ with p(j)-th z 2 , and 
<r(i)-th z\ with j-th z 2 . This will exhaust all pairs without overcounting (because 
i and j are again on different flavors), so the prefactor will be just (— l)B(x, y). 
Apart from this prefactor (and a factor of [G(x, y)] <y2p+q ^) ■, the (c)-type correction 
reads (sums on a and p implied) 

j^r t a " (k+1) ...t a " (p+q) t bl ...t b:i ^ 1 [t ai , t c ]t bj+1 ...t bk tr t a " {1) ...t aa(k) t bk+l ...t bp 
[tr t ai+1 . ..t ap+q t bp W . . .t bp ^ tr t ai ...t^- 1 [t bj , t c ] t ai+1 ...t ai t bp{l +^ . . .t bp ( p ) 

[t r t a,T(k+1 ' > ...t a,T(p+q H bl ...t 13 ^ 1 [t ai , t c ]t bj+1 ...t bk tr t a " (1) ...t aa< - k) t bk+1 ...t bp 
\ i tYt ai+1 ...t at - 1 [t b >,t c }t at+1 ...t ap +n bp W ...t fc p(o] \iit ai ...t ai t bp ^...t bp ^ 

\x 1 it a ' Tik+i \..t a ' T{p+q n bl ...t bk tit a ° {i K.t a ° {k n bk+i ..t b3 - 1 [t a %t c ]t bj+i ...t bp 

|tr t ai+1 ...t ap+q t bpW ...t bp(l) tr t ai ...£ a<_1 [t bj , t c \t ai+1 ...t ai t bp(l+1) ...t bp(p) 
\tit a ^ k + 1 \..t a ^ p + q H bl ...t bfc ] [trt a °( 1 K..t a °( k n bk +\..t bj - 1 [t ai ,t c ]t bj+1 ...t bp 
[tr t ai+1 . ..t *- 1 [t bj , t c ] t ai+1 . . .t ap+q t bp ^ . ..t bp W tr t ai . ..t ai t bp{l + 1 *) . . .t bp ( p ) 

(2.62) 

with all traces symmetrized again; the sums on {i,j} are: in the first line, from 
{1, 1} to {/, k}, in the second line, from {/ + 1, 1} to {p + q, k}, in the third line, 
from {1, k + 1} to {/, p}, and in the last line, from {I + 1, k + 1} to {p + q,p}. 
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In the large N limit, such terms can scale as ^(N/2)( 2p+q ~ 1 \ at best. (Because 
of the commutators with t c , we have to merge traces three times: they don't eat 
each other up in pairs as they did before). After including the factor of B, 
together with (2.58) this means that 

/N \0+9) 

(0 [p , qM (x)0 [p , qM (y)} = {-jG(x,y)j (2.63) 

x ([1 + ^ + + + B( X , y)N x 0(N-^ 

to order g 2 . We might be tempted to stop here. By observing that since to 
working precision, the two point function of 0[p, g ,p] with itself does not get 0(g 2 ) 
corrections, we could try to conclude it is chiral, and in particular has a protected 
A = 2p+q. However, as the explicit examples of Sections 2.4 and 2.6 show, 0[ P:q . p ] 
may not be a pure operator, in which case it doesn't make sense to talk about 
its scaling dimension. 



2.7.3 General correlators (fc\p,q, P ]Ofr jqtP ]) 

The analysis exactly parallels that of the previous section. Again, 

(-l) k v } C-lVx>' 



with 



^ k\(p-k)\ l\(p-l)\ 



(2.64) 



VIT P = (tr 



str ( Zl )^- k \z 2 ) k (y) str { Zl f{z 2 



(l/)> (2-65) 



The leading large N contributions to the free correlators now come from terms 
which contain the combinatorial factor similar to 

(tit ai ...t ak t bk +\..t h n ak +\..t ap+q t bl ...t bk ) (trt bp ...t bk +H ak ...t ai )(trt bk ...t bl t ap+q ...t ak+1 ) 



a) 2 N(N/2Y 2p+<1 -V = \(N/2)^ + ^ 



(2.66) 
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(the two halves and —2 in the exponent are because we have to merge traces 
twice, and the factor of N = trl is there as usual). To get the other numerical 
factors we have to carefully analyze which terms in the sums and symmetrizations 
scale with N this way. So far, we do not need them. 

As before, individual terms in the k, I sum get corrections similar to (2.59): 

p+q 

(|)(|)(-i)(2) j b^ tr [(t bk+l ...t b *t ai ...t ak ) (t ak + i ...t ap+ n bl ...t bk ) 

a,p i^j=l 

t h p(.w) ...t b p(r>)t a °m ... [t a °( i \t c ] ... [t a<T ^'),t c ] ...t aff (p+9)t b "(i)...£ fe p(ol (2.67) 

with proper symmetrizations (and omitted factor of [G(x, y)} <y2p+qS) ) ■ The only 
difference is that now there are three traces (rather than four). The discussion of 
gauge dependent diagrams (all types other than (c), see Figure 2.2) goes through 
verbatim, since we were only manipulating the second set of traces. As before, 
when we impose M=A SUSY they cancel, and order g 2 corrections to the two- 
point functions (2.64) are due to diagrams of type (c) only. 

Diagrams of type (c) are only slightly different from those contributing to the 
{00} correlator; they add up to (-l)B(x, y)[G{x, y)]( 2 P+^ times 



+E tr 



+£tr 



(f a <r(k+l) ...t a °(P+<l)t bl ...^i- 1 [t a % t C ]t bj + 1 ...t hk ^j {t a "W ...t a " (k) t bk+l ...t bp ^j 

tr t ai+1 ...t ap+q t b p (1) ...t bpl - l) tr t ai ...t" 1 ^ 1 [t bj , t c \t ai+1 ...t ai t bpl - l+1) ...t bp(p) 

^a CT(fc+ i) ^ ^a CT ( p+9 )^6i ^ jbj-i ^Oj^ ^cj^bj+i ^ j.b k ^j ^<V(i) ...t a "( k H bk+1 ...t bp ^j 

tr t ai+1 . ..t^- 1 \t bj , t c ]t ai+1 . ..t ap+q t b p^ . . .t b p^ 1 [tr t ai ...t ai t fe "( i + 1 ) . . 



tr t ai+1 . ..t ap+q t b p (1) . ..t bp{ -^ tr t ai . . .t ai ~ 1 [t bj , t c ]t ai+1 ...t ai t bp{ - l+1 'i . . .t bp(p ) 

(f a <r(k + l) ...t a "(P+l)t bl ...t bk ^j (t a "( 1 '> ...t a " (k) t bk+l ...t 11 ^ 1 [t a \ t C ]t bj + 1 ...t bp ^J 



tr t a ' +1 . ..i *- 1 [t bj , t c ] t fll+1 . ..t a »+ q t b pW . . .t l 



p(l) 



tlt ai ...t ai t p< - l+1) ...t 



(2.68) 
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with proper symmetrizations; the sums on {i,j} are: in the first line, from {1, 1} 
to {I, k}, in the second line, from {I + 1, 1} to {p + q, k}, in the third line, from 
{1, k + 1} to {/,£>}, and in the last line, from {/ + 1, k + 1} to {p + q, p}. 

We can get correlators {0^ jqtP ^{x)K^ jqtP ^{y)) by just complex conjugating the 
sum (2.68) times the same prefactor; both the free propagator G(x,y) and the 
function B(x, y) are real and depend only on (x—y) 2 , so exchanging the arguments 
x <-> y and conjugating doesn't change anything. 

Large N dependence of (2.68) can be again estimated by merging traces. This 
time, we have to merge traces only twice (there are three traces total), so it scales 
a power of N higher than a similar (0(x)0(y))\ g 2 correction (where traces had 
to be merged three times). Hence, (0^ p] (x)lC [p ^ p] (y))\ g 2 ~ (N/2f 2p + q \ 

2.7 A General correlators {fc\p,q,p\fc\p,q, P }) 

The analysis is similar as for {JC\p,q, p ](x)0]p >qiP ](y)) . The only surviving contribu- 
tion to {^\p,q,p\^\p,q,p\)\g 2 is due to diagrams of type (c) again, and equals 

tr ^t a<T(fe+1) ...t a<T(p+9) t 61 ...t^ 3-1 \t a \ t c ]t bj+1 ...t bk ^j (t aa{1) ...t aa{k H bk+1 ...t bp 



tr 



t ai+i ...t ap+q t bp ( i i ...t bp <- i A (t ai ...t ai ~ x [t 6j , t c ]t ai+i ...t ai t bp{i+i *> ...t bp( -rt 



tr ^t a<T(fc+1) ...t a<T(p+9) t fel ...t^ 3-1 [t ai , t c ]t bj+1 ...t bk ^j (t a ' 7< - 1 K..t a ' 7< - k H bk+1 ...t bp 
(t ai+1 ...t ai ~ x [t bj , t c ]t ai+1 ...t ap+q t bp{1) ...t bpi - l) ^j (t ai ...t ai t bp{l+1) ...t bpi - p ^ 



tr 



tr^(t a,T ( k+1 K..t a ' T< - p+q H bl ...t bk ^J {t aa{1) ...t aa{k) t bk+l ...t bj ^ 1 [t ai , t c ]t bj+1 ...t bp 



tr 



b p(p) 



(t ai+1 ...t ap+q t bpi - 1) ...t bp{l) ^j (t ai ...t ai ^ 1 [t b; > ,t c ]t ai+1 ...t ai t bp(l+1 K..t 
tr ^t a<T ( fe + 1 ) ...t a,y{p + q H bl ...t bk ^j (t aa W ...t a,y{k H bk+1 ...t^- 1 [t a % t c ]t b]+1 ...t bp 
(t ai+1 . ..t^ 1 [t b] , t c ] t ai+1 . ..t ap+q t bp(1) .. .t bp( - l) ^ (t ai ...t ai t bp(l+1) .. ,t bp( - p) 



tr 



(2.69) 
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up to a factor of (— l)B(x, y)[G(x, y)Y 2p+q \ and proper symmetrizations. The 
sums on {i, j} are as before: in the first line, from {1, 1} to {/, k}, in the second 
line, from {/ + 1, 1} to {p + q, k}, in the third line, from {1, k + 1} to {/,£>}, and 
in the last line, from {I + 1, k + 1} to {p + q,p}). 

At Born level, (JC\p^p\K,[ PAiP ]) |f ree ~ (\N)^ 2p+qS) at large N: we have to merge 
traces once, and there are 2p + q generators involved. 

2.7.5 Quarter BPS operators 

Given the leading large N dependence of a (OK)\{ rcc correlator, it's easy to de- 
termine the leading large N dependence of the corresponding (/CX)|f ree . Indeed, 
suppose that a particular term e.g. 

(tlt a ...t a t b ...t h )(tTt a ...t a t b ...t h )tT {t a ...t a t b ...t h ){t a ...t a t h ...t b ) ~ 

(2/N)(tit\.rt b ...t b )(tim\.rt b ...t b )ti(t\.rt b ...t b )(t\..et b ...t b ) (2.70) 

contributes to {OK). We can insert contents of the first and second traces into 
the third trace (using 2(tr At r )(ti Bt r ) ~ tr AB) to reduce this expression to a 
single trace. On the other hand, the term in the (/CX) with the same order of 
generators can be written as 

tr {t a ...t a t b ...t b ){t a ...t a t b ...t b )ti (t a ...t a t b ...t h )(t a ...t a t h ...t b ) ~ 

2(tr^^..t a t^..^¥)(trt c ^ a ...^ a ^^..^ b )tr(^ a ...^ a ^^..^ b )(^ a ...t a t^..^ ^, ) (2.71) 

and we can insert the first and second traces into the third trace again in the 
same locations. This term gives a leading contribution provided all generators 
collapse after consecutively applying 2t r t r ~ Nl without having to commute 
generators past one another. In this case, the term in (2.70) also gives a leading 
contribution. The only other terms which have the same large N behavior are 
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the ones that differ from it by cyclic permutations within the first and second 
traces. This gives an overall factor of p(p + q). Comparing (2.70) and (2.71) then 
shows that to leading order in N, the difference is a factor of f3 = p(p + q)/N. 

For large N, the analysis of order g 2 corrections is analogous to the case of 
free field contributions. The structure of terms in (2.68) and (2.69) is similar, and 
leading contributions come from terms with the same order of generators (modulo 
cyclic permutations for (OK,) corrections); the difference is the multiplicative 
factor (3, the same for all such terms. 

Bringing this together with the results of Sections 2.7.2-2.7.4, we can write 
down the large N leading order two point functions as 

(KK) (ICO) \ = 2p+q 1 P\ § f 1 P \ 1 

(OK) (OO)) \\P *) \P 0{N- 2 ))\ 

where a, *, and a are some constants of order O(N ), and (3 = p(p + q)/N. 
As before, G = G(x,y); B = B{x,y)\ and (OO) = (0 [Piq:P] (x)d [P:q , p] (y)), etc. 
Each (order one) coefficient above is valid to 0(N~ 2 ), and of course (2.72) is 
perturbative in the coupling constant — we have neglected 0(g A ) terms. 

Diagonalizing the matrix of corrections with respect to the matrix of free 
correlators as in Section 2.6, we find that 

5W] = K [p ^ p] + 0(N~ 2 ) (2.73) 
y\p, q ,p] = 0[ P ,q, P ] ~ P ^ g ^ [p,g, P ] + 0(N~ 2 ) (2.74) 

are pure operators, and as such have well defined scaling dimension. At this 
order, the scaling dimension of y\p, q , p ] receives an 0(g 2 N) correction proportional 
to the coefficient a in (2.72), while the scaling dimension Ay = 2p + q of y\p, q , p ] 
is protected. Finally, the normalization of !V[p, g , p ] does not get any g 2 corrections, 
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and is given by the Born level expression 

v p , p(p + g)(p + g + l) 



{y\p, q , P ](x)y\p, q , P ](y)) = [i + 5 9 ,o(-) ? 



x(l+ 0(N- 2 ;g< 



(9 + 1) 



AT 



87r(a; — y) 2 



2p+q 



(2.75) 



This is found from formulae (2.58), (2.72), and (2.74). The exact expressions 
of Sections 2.4 and 2.6 agree with (2.74) and (2.75) in the large A" limit. We 
conclude that to working precision, 3^[p,g, P ] is a ^-BPS chiral primary operator. 



2.8 Conclusion 



In this Chapter we studied local, polynomial, gauge invariant scalar composite 
operators in [p, q,p] representations of 577(4) in d — 4, jV=4 SYM. We found that 
certain such operators have protected two-point functions at order g 2 , with each 
other and with other operators. We presented ample evidence that these 0(g 2 ) 
protected operators are |-BPS chiral primaries in the fully interacting theory. 

These operators are not just the double trace operators from the classification 
of [25], but mixtures of all gauge invariant local composite operators made of the 
same scalars: single trace operators, other double trace operators, triple trace 
operators, etc. As our exact in N, explicit construction of |-BPS primaries of low 
scaling dimension (A = 2p + q < 8) shows, the A" dependence of the coefficients 
in these linear combinations is quite complicated. 

Apart from operators of low dimensions for arbitrary N, we considered the 
large A" behavior of two point functions for all [p, q,p\. A leading and subleading 
analysis reveals that for every [p, q,p], there is a |-BPS operator which is a 
certain linear combinations of double and single trace operators. We give closed 
form expressions for the operators involved in this linear combination and the 
coefficients with which they enter, all valid to next-to-leading order in N. 
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2.9 Appendix 

2.9.1 M= 4 SUSY in various forms 

In the J\f—1 component notation, the classical Lagrangian (see [57], p. 158) takes 
the form (in geometric notation, i.e. with multiplying the whole action) 

£ = itr {-iF^ + fXYD^ + ^D 2 (2.76) 

+ \D,B^B 3 + \^D^ 3 + \FjFj + \Gfi 3 
-i[Aj, Bj]D - Aj] - i^7 5 [A, Bj] 

-jtjki (tpj^k, At] - ^j7 5 [^fc, Bi] 

+[Aj, A k ]F t - [Bj, B k ]F t + 2[Aj, B k ]G{)} 

(with Lorentz signature); there should be no confusion between the auxiliary field 
D of the vector multiplet and the covariant derivative = <9 M + iA^. 

This Lagrangian can also be rewritten in a manifestly SU (4)-invariant form. 
Combining the three chiral spinors and the gaugino into 

A 4 = A; Xj = ipj, j = 1,2,3 (2.77) 

and making 4x4 antisymmetric matrices of scalars and pseudoscalars by 

Ajk = —ejkiAi] A± 3 - = —Aji = Aj; (2.78) 
Bjk = tjkiBf, B 4j = —B j4 = Bj (2.79) 

the Lagrangian becomes (sums on indices j, k, I now run from 1 to 4) 

C = ^tr {-iF^ + fX^D^ + ^D^D^A^ + ^B^B^ 
+|Aj[Afc, Ajk] + f Aj7 5 [Afe, Bj k ] + -^[Aj k , Bi m ][Aj k , Bi m ] 
+j&[Ajk, Ai m ][Ajk, Ai m ] + ^[B jk , B lm ][B jk , Bi m ]j (2.80) 
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after integrating out the auxiliary fields D, Fj, and Gj. The Aj k and Bj k are 
self-dual and antiself-dual tensors of 0(4): 

Ajk ~^jklm,Ai m ^ -Bj'fc ~^iklmPlra (^'^l) 

Alternatively, the fields A,- L and B, L form a 6 of the i?-symmetry group SU (4) ~ 
50(6): we can group them as <p % = A i: i+3 = B i: % — 1, 2, 3. 

This form of the Lagrangian is only manifestly 0(4) symmetric, however. If 
we define a complex matrix of scalars 

M jk = \ (A lm + iB jk ) (2.82) 

subject to a reality condition 

W k ee (M jfe )t = ±e^ m M /m (2.83) 

the J\f—A Lagrangian 

C = ^^{-iF^ + iX^D^ + lD^Mj^M^ (2.84) 
+i\ j [\ k ,M k ] + M[\ k ,M jk ] + i[M jfc ,M ta ][M^,M' m ]} 

is then manifestly SU{A) covariant, as are the SUSY transformation laws 

5A» = iQa^-iXja^ (2.85) 
5M jk = Q\ k -( k \ j + e jklm ( l \ m (2.86) 
SXj = -ia» v F^Cj + 2i^D^M jk C k + 2i[M jk ,M k % (2.87) 

(notice that now Xj and A- 7 are Weyl spinors; there should be no confusion: when 
spinors are multiplied by 2 x 2 a matrices they are Weyl, and when the 4x47 
matrices are used, they are Dirac). 

We can also rewrite this Lagrangian in terms of three unconstrained (unlike 
the Mjk) complex scalar fields 

z i = M** + iB i) > * j = M A 3-iBj) (2.88) 
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and the original fermions ipj and A: 

£ = ± tr {-iF^F^ + iX^D^X + i^D^ + D^ZjD^ (2.89) 

+j= 2 x[^z j \ - - is^A^zi] 

+j 5 W,z j ] - ^[\z 3 ] - j= 6jkl ft$ k ,z l ] 
+ [ Zj ,z k }[z j ,z k } - ±[z j ,z i ][z k ,z k ]} 

and the SUSY transformations now are 

5A^ = iQcr^ 3 - itpjCr^ 3 + <(7 M A - iXa^C (2.90) 
Szj = ^(C^-OA-e^CV) (2.91) 
5X = -^F, v C + tV2a^D,z 3 C ] +te 3kl [z ] ,z k ]C l -i\z v z ] ]C (2.92) 

+ i {[z k , z% - 2[z v z k }( k - e jkl [z k , z l }() (2.93) 

and their conjugates 

5z? = v ; 2 ((,,-'• c/A c' ! \,i.;) (2.94) 

SX = +^F^C-tV2^D^Q-te 3kl [z\z k }C l + t[z 3 ,z J }C (2.95) 
6ft = +^F^C j -iV^e^a^D^ZkCi + i^D^C 

- i ([z k , z k ]C j - 1\z\ z k ]( k - e 3kl [z k , Zl ]C) (2.96) 

This way of writing the Lagrangian and SUSY transformations hides the full 
577(4) i?-symmetry of the theory; now, only the S77(3) x U(l) subgroup of it is 
manifest. 
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2.9.2 Miscellaneous identities for SU(N) 

We can use the following property of generators of SU(N) (for iV > 3) in the 
fundamental representation: 

{t a ,t b } = ^5 ab + d abc t c (2.97) 
Together with [t a ,t b ] = if abc t c (valid in any representation), we find 

t a t b = _L S a bl + 1 fjabc + -ya&cN f ^gg) 

2./V 2 

Let 

gai ...a k _ tTt ai j-a^ g (0) =trl = N ^ ( 2 .99) 

Then with the standard normalization tr t a t b = ^5 ab for SU(N) generators in the 
fundamental, we can in principle recursively determine the trace of any string of 
generators in terms of 5 ab , d abc , and f abc : 

g a = trt a = 0, g ab = \5 ab , g abc = \ (d abc + if abc ) , and (2.100) 

gO.\...a k _ _J_ gd3...a k g a\a^c g cai,...a k (2 101) 

Now we can set up a recursion relation for 

P k EE g *i-"k g ai~a k &nd p fe = g ai...a k g a k ...ai (2.102) 

(with sums on repeated ai, implied). Using t a t a = N ^~ l 1, we find 

P k = + J^PsPk-i (2-103) 

and similarly 

N 2 - 1 - 4 

P fe = -uv=r^-2 + ^37^-1 (2.104) 

The values of P 2) A, A and A have to be computed explicitly; they are 

N 2 -l N 2 -l ~ (N 2 — 1)(N 2 — 2) , 
P 2 = P 2 = ^, ?s = — nr , and P 3 = [ - A > (2.105) 
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For large N, the leading behavior is given by 

g(ll...a k ^ ^2 fe ~ 3 ^ g aia ' 2Ca g c -i a 3 c * gCk-20-k-2Ck-l gCk-l1k-ia k ^2 106) 

and 

Nk N 2 ~ N k 

P W~-1T. P *~l&> ( 2 - 107 ) 

Dependence on N is 27 very different for P k and P k ; in fact, taking generators in 
reverse order in the second trace (such as in P k ) grows the fastest with k, and 
taking them in the same order (as in P k ), the slowest. 

Here are a few more identities we may have a need for in calculating two- 
point functions. First, the normalizations of SU(N) generators in an arbitrary 
representation is defined in terms of a constant C(r) as 

tr r T r a T r 6 = C{r)5 ab (2.108) 

and there is a quadratic Casimir, 

T r c T r c = C 2 (r) 1 (2.109) 

For the adjoint and fundamental representations, C 2 (adj) = N, C 2 (fund) = 
), C(adj) = N, C(fund) = \. Then, for example, 

T a T a T b T b = [c 2 ( r )] 2 1 (2.110) 

T a T b T b T a = [C 2 ( r )] 2 ! (2.111) 

T a ,T b ][T a ,T b ] = -NC 2 (r)l (2.112) 

rparpbrparpb = C2 ^(C 2 ^_K^ 1 (2.H3) 



' N z -l 
- 2N 



27 Note that the way the recursion formulae (2.102) work out together with the initial values 
(2.105), leading order large N results are accurate to order 0(N~ 2 ) and not to 0(N^ 1 ), as one 
could have thought naively. 
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(we have omitted the label "r" on the generators, e.g. T a = T r a ). Longer expres- 
sions are just a little more complicated but not by much: 

tr T b [T a ,T b ] T c [T a ,T c ] = \N 2 (N 2 - l)C(r) (2.114) 
tr T a T b T c T a T c T b = (N 2 - l)C(r)(C 2 (r) - f ) 2 (2.115) 
tTT a T b T c T a T b T c = (j\r 2 _ \)C(r)(C 2 (r) — y)(C 2 (r) — N) (2.116) 

In particular, the last expression vanishes in the adjoint representation. 

Using the fact that U(N) C = Gl(N, C), any N x N matrix A can be decom- 
posed into generators (in the fundamental) of SU (N) plus the unit matrix: 

A = (2tr At c ) t c + (-^tr A^j 1 (2.117) 

Then, for example, we can write down the "trace merging formula" 

2 (tr At c ) (tr Bt c ) = tr AB - -^ (tr A) (tr B) (2.118) 

and we can arrive at an even simpler recursion relations for P^: 

P k+1 = (trt a \..t a H c )(trt ak ...t a H c ) 

= \ (trt ai ...t a H ak ...t ai ) - ^ (trt ai ...t afc ) (trt a K..t ai ) 

N( N 2 -l \k l_p 

2 V 2N > 2N k 



V ' A " 1 ) fe -^ (2-119) 



with Pi = 0. (Naturally, this gives the same values for P k as before.) 

Another useful relation satisfied by the generators of SU(N) in the funda- 
mental, is 

(t%(t a )ki = \ (Sutjk - jftijSu) . (2.120) 

Using this identity, one can easily reproduce the trace merging formula (2.118), 
as well as the expressions (2.105) for P 2 , P 2 , P3 and P 3 . 
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CHAPTER 3 



Systematics of Quarter BPS operators in J\f = 4 

SYM 

In this Chapter we use the machinery of (4,1,1) harmonic superspace to describe 
1/4 BPS operators. The use of extended supersymmetry dramatically simpli- 
fies the counting and construction of scalar composite operators in the [q,p, q] 
representations of the R-symmetry group S , f/(4). 

The construction of all 1/4 BPS operators in the fully interacting quantum 
theory is carried out as follows. First, in the classical interacting theory, a basis 
is produced of all the scalar operators in the representations of the R-symmetry 
group SU(4:) suitable for 1/4 BPS operators with Dynkin labels [q,p,q], q > 1 
and with classical dimension p + 2q. In the classical interacting theory there 
are natural candidates for 1/4 BPS operators as well as other operators which 
can be identified as descendants. The basis may be regrouped into operators 
of these two types. Harmonic superspace techniques reduce this construction 
down to elementary group theory. The (4,1,1) superspace notation also makes 
distinguishing candidate 1/4 BPS operators from descendant operators simple. 

After subtracting off all the descendant pieces we will recover protected op- 
erators. These 1/4 BPS primaries are the same protected operators as the ones 
found in Chapter 2, but the method described here is more elegant and efficient. 
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3.1 J\f = 4 SYM in harmonic superspace 



The leading component fields of the 1/4 BPS multiplets in Af = 4 SCFT are 
given by scalar fields which transform under the internal symmetry group SU (4) 
in representations with Dynkin labels of the form [q,p, q\. The complete super- 
multiplets can be very simply described in harmonic superspace, and we briefly 
recall how this construction works. 

For Af extended supersymmetry in four dimensions, (Af, p, q) harmonic su- 
perspace is obtained from ordinary Minkowski superspace M by the adjunction 
of a compact manifold of the form K = H\SU(Af) where H = S(U (p) x U (Af — 
(p + q)) x U(q)). This construction allows one to construct p projections of the 
Af supercovariant derivatives D ai and q projections of their conjugates D\ which 
mutually anticommute. We can therefore define generalized chiral or G-analytic 
superfields (G for Grassmann) in such superspaces which are annihilated by these 
derivatives. Now the superfields in harmonic superspace will also depend on the 
coordinates of K, and as this space is a complex manifold, they can be analytic 
in the usual sense (H-analytic) in their dependence on these coordinates. As the 
internal manifold is compact H-analytic fields will have finite harmonic expan- 
sions. The Lorentz scalar superfields which are both G-analytic and H-analytic, 
which we shall refer to as analytic, are the fields we are interested in. They can 
be shown to carry short irreducible unitary representations of the superconformal 
group (provided that they transform under irreducible representations of H). For 
original papers and detailed accounts of harmonic and analytic superspaces, see 
for example [58, 59, 60, 61]. 

The Af—4: extended formulation is an on-shell formulation, so it is not ap- 
propriate for loop computations. This is just as well, since will use it only for 
classifying operators, which is a question of kinematics, and not dynamics. 
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3.1.1 (4,1,1) Harmonic Superspace 

For the 1/4 BPS operators in M = 4 the most appropriate harmonic superspace 
has (J\f, p, q) = (4, 1, 1). Since the analytic fields in this space will be annihilated 
by one D and one D it follows that they will only depend at most on 3/4 of the 
odd coordinates of M. Instead of working directly on the coset defined by the 
isotropy group H = S(U(1) x U(2) x U(l)) we shall follow the standard practice 
of working on the group SU (4) which amounts to the same thing provided that 
all the fields have their dependence on H fixed. We denote an element of £77(4) 
by ui and its inverse by (w -1 )/. The group H is taken to act on the capital 
index I which we decompose as 7 = (l,r, 4), r e {2,3}, while ££7(4) acts on the 
small indices . . .. Using u and its inverse we can convert SU(4) indices into 
H indices and vice versa. Thus we can define 

D a i = uj l D ai = (D a i, D ar , D a4 ) 

Di ee DUu-^/^iDlD^Di) (3.1) 

Clearly, we have {D a i,D^} = 0. To differentiate in the coset space directions 
we use the right-invariant vector fields on SU(A) which we denote by -D/ J , and 
which satisfy D 1 j = —Dj 1 and Dj 1 = 0. These derivatives obey the Lie algebra 
relations of su(4) and act on u K k by 

D/u K k = 5 K J Ul k - ^5j J u K k (3.2) 

The basic differential operators on S , f/(4) can be divided into three sets: the 
derivatives (Di 1 , D r s , _D 4 4 ) correspond to the isotropy group, while the deriva- 
tives (D/, Di 4 , D r 4 ) can be thought of as essentially the components of the d 
operator on K and the derivatives (Dj. 1 , D4 1 , D/) are the complex conjugates of 
these. Note that the derivatives (Di , D\ 4 , D r 4 ) commute with D ai and D 4 . G- 
analytic fields are annihilated by D a i and D 4 , H- analytic fields are annihilated 
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by (Di r , D] 4 , D r A ) and analytic fields are annihilated by both of these sets of 
operators. 

The M = 4 Yang-Mills theory is described in Minkowski superspace by a scalar 
superfield = —Wji which transforms under the six- dimensional representation 
of SU (4) and also under the adjoint representation of the gauge group which we 
take to be SU(N). It is real in the sense that W ij = \e ijkl W k i. This superfield 
satisfies the constraints 

%W jk = 2<%A dfc] (3.3) 

where A is a superfield whose leading component is the spinor field of the multi- 
plet.and where V ' a i is a spinorial derivative which is covariant with respect to the 
gauge group. Using the superspace Bianchi identities one can show that the only 
other independent spacetime component of W is the spacetime Yang-Mills field 
strength and that all of the component fields satisfy their equations of motion. 

In (4,1,1) superspace we can define the superfield W± r = uiu r ^Wij. Using 
the properties outlined above one can easily show that 

V al W lr = V\W lr = (3.4) 

and that the derivatives (D\ r , -Di 4 , D r 4 ) all annihilate Wi r , so that W\ r is a co- 
variantly analytic field on (4, 1, 1) harmonic superspace. However, if we consider 
gauge-invariant products of W's, i.e. traces or multi-traces, the resulting ob- 
jects will be analytic superfields; they will be annihilated by D al and D\ rather 
than the gauge-covariant versions. These are the superfields which we shall use 
to construct the 1/4 BPS states. To make the formulas less cluttered we shall 

abbreviate 1 W Vr to W r _i and define W r = e rs W s . 

1 So the index r takes the values r = 2, 3 for W\ r , and r = 1, 2 for W r . 



52 



3.1.2 Quarter BPS Operators 



These superfields are easy to describe. The superfield corresponding to the rep- 
resentation [q, p, q] contains p + 2q powers of W in the representation p of SU (2) 
(this is the SU(2) in the isotropy group), i.e. it has p symmetrized 577(2) indices. 
If q = the single trace operators are the chiral primaries which are 1/2 BPS. 
These operators we will refer to as CPOs and denote by A p , 

A ri ... rp = tr(W {ri ...W rp) ) (3.5) 

The lowest CPO is the stress-tensor multiplet T rs = A rs . We can obtain further 
1/2 BPS operators by taking products of CPOs and symmetrizing on all of the 
SU{2) indices. The 1/4 BPS operators (for q > 0) fall into two classes. There 
are operators that can be constructed as products of the CPOs with at least one 
pair of contracted indices, for example 

T rs T rs , A rst A st , A rst A t uvw , and so on. (3-6) 

These operators have no commutators in their definition, and so are the candi- 
date 1/4 BPS operators, up to subtleties which we shall come to in due course. 
Operators in the other class have at least one single-trace factor in which the 
indices of two or more pairs of W's are contracted, as in 

tr W 2 W 2 , A rst trW 2 W 2 , tr W r W s W 2 W 2 , etc. (3.7) 

where 

W 2 = W r W r = e rs W r W s = \ e rs [W r , W s ] (3.8) 
These operators are descendants; the superspace Bianchi identities imply that 

e^V a ^ P] W kl = 25/ h [W im , W l ^ m ] (3.9) 
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From this formula and its conjugate one can see that W 2 can be written as 

W 2 = (Vi) 2 iy 14 = -(V 4 ) 2 W 14 (3.10) 

where (V x ) 2 = |e Q ^V Q iV^i, (V 4 ) 2 = -|e^V 4 V 4 , and where W u = uiW'Wij. 
Given a product of W^s containing a factor of W 2 , therefore, the latter can be 
written in terms of derivatives as above and the derivatives can be taken to act 
on the whole expression with W 2 replaced by either W u or its conjugate. This 
follows by G-analyticity. Indeed, if there are two factors of W 2 in an operator 
then all four derivatives can be brought outside. This is because 

V al W 14 = and V 4 iy 14 = (3.11) 

In fact, the descendant 1/4 BPS operators always have at least two factors of W 2 
so that they can be written explicitly as derivatives of long operators by these 
means. However, we are not quite finished yet because the ancestor operators 
will not be H-analytic on (4, 1, 1) harmonic superspace as they stand. This can 
be remedied by noting that 

(Vi) 2 (V 4 ) 2 iy lr = [W 2 , W r ] (3.12) 
with the aid of which we can write, for example, tr (W 2 W 2 ) as 

tr {W 2 W 2 ) = -^(Vi) 2 (V 4 ) 2 (tr {W U W 1A ) + tr {W lr W lr )) 
= -^(V 1 ) 2 (V 4 ) 2 tr(H/ JJ ^) 

= -l(A) 2 p 4 ) 2 tr(^^) (3.13) 

with D al D pi = e a ^( J D 1 ) 2 , and Z) 4 /) 4 = -e^(D 4 ) 2 . Hence we see that tr (W 2 W 2 ) 
is a descendant of the Konishi operator K = tr (WijW' lj ). In general, one can use 
(3.4), (3.10), (3.11) and (3.12) to find 

^(Vi) 2 (V 4 ) 2 WijAW ij = W r A[W 2 , W r ] + [W 2 , W r ]AW r - 2W 2 AW 2 (3.14) 
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provided A involves only the W r . And since we are dealing with gauge invariant 
operators, we can replace the V by D. We note for future use that each of the 
descendants that we consider below can be written as an ancestor superfield acted 
on by the differential operator (Di) 2 (D 4 ) 2 . 

On the other hand, the CPOs themselves cannot be obtained by differentiation 
from other operators and so the candidate 1/4 BPS operators cannot be (entirely) 
descendants. An operator annihilated by D 1 and D 4 can be either a (Di) 2 (D i ) 2 
descendant of a long primary; or a (-D1) 2 or (-D 4 ) 2 descendant of a 1/8 BPS 
primary; or a 1/4 BPS primary. In Chapter 2 we saw that a [q,p, q] scalar 
composite operator can not be a descendant of a 1/8 BPS primary. Therefore, 
we argue that after subtracting off all the descendant pieces from candidate BPS 
operators, we should be left with a 1/4 BPS primary; it simply can not be 
anything else! 

3.1.3 Examples of systematic description 

We begin by outlining a few rules that determine which tensor structures are 
permitted. First we observe that, since contractions are made using the antisym- 
metric tensor e rs while the tensors A rs __ t are symmetric, contractions within the 
same A give zero, 

A r rs ... t = 0, (3.15) 

so we can only contract indices in different A's. 

Next, consider T 2 . Since T rs transforms under the 3-dimensional representa- 
tion of SU(2) it follows that the product of two Ts will decompose into the five 
and one-dimensional representations. The former corresponds to symmetrization 
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on all four indices, i.e. T( rs T uv ), while for a single contraction we have 

T r tT s = T S fT r = -^€ rs T uv T (3.16) 

Similarly, the product of three Ts contains only the seven-and three-dimensional 
representations, so that, for example 

T r s T s l T t r = (3.17) 

One can look at contractions of other A's in a similar fashion. For example, 
(A 3 ) 2 contains only the seven- and three-dimensional representations of 577(2) 
corresponding to tensors obtained by symmetrising on six or two indices with 
zero or two contractions respectively. So 

A rst A rst = A( rs v A tu } v = (3.18) 



while 

A r A s i u = A s A r f u (3.19) 

or, equivalent ly, 

3-4rst^4 uv € ru (A S f W A £,) -|- € rv (A S f W A u ) -|- £ sv (A r t w A u ) -)- a su (^A r i w A ^). 

(3.20) 

These equations generalise in a straightforward manner. Whenever we con- 
tract an odd number of indices in two As of the same length and symmetrize on 
the remaining indices, the resulting tensor vanishes. 2 If As of different length are 
contracted (as in A rs *T tu ), there is no such restriction. 

We shall now discuss some explicit examples. We shall use the convention 

that uncontracted SU (2) indices are understood to be totally symmetrized. 

2 In general there will be more than one nonvanishing structure. For instance, both 
A( rs vw ' A tu ) vw and A rstu A rstu are independent nonvanishing tensors. 
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The Representation [l,p, 1] 

Such operators have to have (p + 2) W^s and only one contraction. There are no 
single trace operators in this class because 

tr(W ri ...W rp W 2 ) =0 (3.21) 

Hence these operators can only be constructed by contracting CPOs. They are 
all protected. This can also be seen from representation theory because there 
are no long representations which contain these representations [62]. This result 
also shows that any single-trace factor in an operator must have at least two 
contractions. 

Here we list the lowest dimensional examples of [l,p, 1] representations (for 
p < 5). For [1,1,1] and [1,2,1] we can not construct any nonvanishing tensors of 
this form. For [1,3,1], there is one possible operator, 

O = A rst T\ (3.22) 

Similarly, for [1,4,1] the only possible operator is 

O = A rstu T u v (3.23) 

Higher representations offer more choices, and already in the [1,5,1] we find 

CI — A T v 

@2 = A rs f v A V uw 

O3 = T rs T tv A v uw (3.24) 

All of these operators have protected two-point functions, as we will explicitly 
verify in Section 3.2. 
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The Representation [2,0,2] 

This operator is realized as an SU(2) scalar in (4,1,1) harmonic superspace. 
There are just two possibilities 

01 = T rs T rs 

2 = tr (W 2 W 2 ) (3.25) 

Using the rules outlined in the beginning of Section 3.1.3, we see that 0\ is 
the only multiple trace operator one can construct with two pairs of contracted 
indices, and there is also no other choice for the single trace operator but 2 . 0\ 
is a candidate 1/4 BPS operator while 2 is a descendant; as seen in (3.13), it is 
a descendant of the Konishi operator. 

The Representation [2,1,2] 

This has 5 fields and forms an SU(2) doublet. There are again only two possi- 
bilities 

0i = A rst T st 

Q 2 = tr (W r W 2 W 2 ) (3.26) 

This case is completely parallel to the [2,0,2] representation. 
The operator 2 can be written in the form 

2 = -^(D 1 ) 2 (D 4 ) 2 tr(W r W ij W i ^) (3.27) 

Note that the ancestor here is defined on (4,1,1) harmonic superspace; it is not 
G-analytic but it is H-analytic. One can easily remove the harmonic variables 
to obtain the corresponding superfield on ordinary superspace. In this case it is 
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The Representation [2,2,2] 

This has 6 fields and transforms as a triplet under 577(2). Multiple trace operators 
are constructed in the following way. We can partition the set of six fields as 6 
= 4 + 2, 6 = 3 + 3, or 6 = 2 + 2 + 2. Two pairs of indices are contracted, and 
two remaining indices are symmetrized. The possibilities are 

Ci = A rs t u T 
O2 = A r tu A stu 

/r\ rp rp rptu 

^3 — 1 rs 1 tu 1 

C>4 = tr (W r W s W 2 W 2 ) 
5 = tr (W r W 2 W s W 2 ) 

O e = tr (W 2 W 2 )T rs (3.28) 

The first three are candidate 1/4 BPS operators while the last three are descen- 
dants. For the partitions 6 = 4 + 2 and 6 = 3 + 3, these are the only choices 
because contractions within the same A give zero. For the partition 6 = 2 + 2 
+ 2, equation (3.17) relates any other triple-trace [2,2,2] operator to (9 3 . 

The operator Oq is a descendant of the product of the Konishi operator and 
the supercurrent, while C 4 and 5 are descendants of the operators 

A l = tr (W r W 8 WijW ij ) 

A 2 = tr (WrWijWsW") (3.29) 

A short calculation yields 

O, = ^(A) 2 p 4 ) 2 (A-3^) 

O, = ^{D l ) 2 m 2 {A 1 -2A 2 ) (3.30) 

In terms of ordinary superfields, both A\ and A2 are in the [0, 2, 0] representation 
of SU{4). 
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The Representation [2,3,2] 

The possibilities are 





A rpuv 


o 2 


A uv A + 




A T - ' rpuv 


0, 


A UV(rp2\ 
sir V Jstuv 




= tr (W r W s W t W 2 W 2 ) 


0, 


= tr (W r W s W 2 W t W 2 ) 




= T rs tr {W t W 2 W 2 ) 




= A rst tr(W 2 W 2 ) 



The first four are candidate 1/4 BPS operators while the second four are descen- 
dants. 

The last of these is a descendant of a product of A 3 and the Konishi operator, 
while the ancestor of 7 is a product of T and tr (W r WijW lj ). For the other two 
descendants we have 

5 = ±(D 1 ) 2 (Dy(A 2 -2A 1 ) 

6 = ±(D 1 ) 2 (D 4 ) 2 (A 1 -2A 2 ) (3.32) 

where 

A l = tv{W r W s W t W l3 W l] ) 

A 2 = tr (WrWsWijWtW*) (3.33) 
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The Representation [3,0,3] 

There is only one possibility: 

O = tr (W 2 W 2 W 2 ) (3.34) 

This operator is a descendant. There are no candidate 1/4 BPS operators in this 
case. As we saw in (3.17) and (3.18), the operators A rst A rst and T rs T t r T st vanish 
identically. Explicitly, this operator can be written as 

O = -i(Di) 2 (D 4 ) 2 tr (W 2 Wi,W lj ) (3.35) 
8 

The Representation [3,1,3] 

This example again has seven fields but the representation of SU (2) is the doublet. 
The operators are 

0\ = A r stu A stu 

C 2 = (T 2 ) rstu A stu 

e> 3 = tr (W r W 2 W 2 W 2 ) 

e> 4 = tr (W r W 2 W s W 2 W s - W r W s W 2 W s W 2 ) 

£> 5 = T/tr (W S W 2 W 2 ) (3.36) 

so there are 3 descendants in this case. We have symmetrized O4 so that 0\ = 
+ ((9 4 )*. This symmetry amounts to charge conjugation on the fields X in the 
adjoint representation of the gauge group and the 6 of SU(A). Its effect on the 
Af = 1 superfield formulation is to map Zj — > zj. 

The last operator is again a descendant of a product of operators that we have 
discussed previously. For the other two we have 

?> = ^(D 1 ) 2 (Dr(A 2 -5A 1 ) 
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(3.37) 



where 



Ai = tr (W r W 2 WijW ij ) 



A 2 



tr (W r W s W i:j W s W ij ) 



(3.38) 



3.1.4 Multiplicity of quarter BPS operators 

The (classical) quarter BPS operators in the SU (4) representation are built from 
single trace quarter (and half) BPS operators. These have the form 



for operators in the \p, q,p] SU(4) representation, but the order of the 2p + q 
operators inside the trace is arbitrary. 

To find the number of different single trace operators in this representation, 
N pq , consider the reducible operator 



where the SU(2) indices are no longer taken to be symmetrised. This is in a 
reducible representation of 577(2), and contains all single trace scalar compos- 
ite operators of dimension Q. So one obtains the number of operators in each 
representation by expanding this operator as a sum of irreducible representa- 
tions. For example to find all single trace operators of dimension 4 consider X 4 . 
This has 6 components (given by (1111), (1112), (1122), (1212), (2221), (2222) 
where (r 1 r 2 r 3 r 4: ) is short hand for tr (W ri . . . W r4 ).) In terms of irreducible SU (2) 
representations it splits as 6 = 5 + 1. In terms of SU(4) representations the 5 
corresponds to [0, 4, 0] and the 1 corresponds to [2, 0, 2], and so we find that there 
is only one operator in each of these two representations. 



tr(W {ri ...W rq) (W 2 Y) 



(3.39) 



X Q :=ti(W ri ...W rQ ), 



(3.40) 
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More generally, to split Xq into irreducibles, consider the components of Xq. 
Let c(Q,p) denote the number of components of Xq with pi's and Q — p 2's, i.e. 
the number of ways to arrange a total of Q objects with p of one type and Q — p 
of another type up to circular permutations. 

Then Xq splits into the following irreducible representations: 

LQ/2J 

£ (c(Q,p)-c(Q,p-l)) [p,q,p] (3.41) 

p=0 

where q = Q — 2p and where [x\ denotes the largest integer less than or equal to 
x. So the number of single trace operators in the [p,q,p] representation is 

N pq = c(Q,p)-c(Q,p-l). (3.42) 

In general the formula for c(Q,p) is quite complicated, but in certain cases it 
simplifies. For example 

c(Q, 0) = 1, c(Q, 1) = 1, c(Q, 2) = LQ/2J , (3.43) 

and if Q and p are co-prime then 

As an example, consider dimension 6 operators: Xq has 14 components and 
c(6,p) is given by: 

c(6,0) = c(6,l) = 1, c(6,2) = 3, c(6, 3) = 4. (3.45) 

Then (3.42) gives 

JVoe = l, N 14 = 0, N 22 = 2, N 30 = l, (3.46) 

reproducing the correct numbers of single-trace operators discussed above (in 
particular there are two operators in the [2, 2, 2] representation and 1 in the 
[3,0,3].) 
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Since multiple trace operators can be obtained by multiplying together single 
trace operators, to find the number of multi-trace operators in a given represen- 
tation one just has to consider all possible ways of obtaining the representation 
in question from tensor products of other representations and use the formula for 
single-trace operators. 



3.1.5 Relationship between Af = 4 and Af = 1 superfields 

The map between quarter BPS operators in the Af = 1 formalism and those 
in (4, 1, 1) analytic superspace is straightforward. In the Af = 1 formalism the 
quarter BPS operators are given by 

~{z 2c T{z d y] (3.47) 

where [. . .] denote gauge invariant combinations, (X a ) p = X( ai . . . X ap ) and z 2c = 
z a z b e abc . Here the a, b, . . . = (1,2,3) are SU(3) indices. These operators have 
highest weight state given by 

i( Zl z 2 - z 2 z i y(z i y] . (3.48) 

In (4, 1, 1) harmonic superspace on the other hand, this object is given by 

\w 2 ) p (W r ) q ] . (3.49) 

If we relabel the SU(2) indices r, s, . . . = 1,2 then this operator has highest 
weight state 

[(WW 2 - W 2 W 1 ) p (W 1 ) q ] . (3.50) 

The correspondence between the N — 1 operators and the harmonic superspace 
operators is now clear, one simply replaces W with z to obtain the highest weight 
states of each. 
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3.2 Explicit Computations 

In this section we will explicitly calculate two point functions of the above op- 
erators. We will work with the lowest components of superfields, the zf and z%. 
(Here, i = 1,...,3, and a labels the adjoint representation of the gauge group 
SU(N).) We list operators in a given irrep of the R-symmetry group 577(4), 
and for the descendant operators write out the corresponding Konishi-like long 
operator they come from. Then we look at Born level and order g 2 contributions 
to the two point functions of the highest weight state operators. 

In each representation we will have the descendant operators Lj and "candi- 
date 1/4-BPS" operators O. We will compute the order g° two point functions 
(OZ/J)Bom and (LjL^Born- Then we will consider operators 

O = O - (OLl) Born ((LL%l Ti y L 3 (3.51) 

By construction, they are orthogonal to all the Lj at Born level, (OL\) Botu = 0. 
Then we will show that these operators O have protected two point functions at 
order g 2 , (OL\) g 2 = and (0'0*) g 2 = for all such operators O, & . The claim 
is that these operators O are 1/4-BPS. 

The basis of operators we will choose is slightly different from the one used in 
Chapter 2. The operators introduced in the preceding section are more natural 
and intuitive. 

The representation [l,p, 1] 

• There is only one operator in the representation [1,3, 1] whose highest 577(4) 
weight state is 

O = tr z±zi tr z\Z\Zi — \xz\Zi tr Z\Z\Z\ (3.52) 
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while acting on O once with an SU{4) ladder operator gives 

O' = 2 tr Z\Z\ tr -21^2-22 — tr Z\Z 2 tr Z\Z\Z2 — tr 2 2 -2 2 tr Z\Z\Z\ (3.53) 

This operator has the same weight as the [2,1,2] operators (but is of course 
orthogonal to them). The Born and order g 2 overlaps are 

(0'0'% oin = ^N(N 2 -l)(N 2 -4), = 0. (3.54) 

So indeed it is a 1/4-BPS operator. 

• There is only one operator in the representation [1, 4, 1]. The highest SU (4) 
weight state operator is 

O = tr z 1 z± \xz\Z\Z\Z2 — \xz\Z2 tr Z\Z\Z\Z\ (3.55) 

while acting on O once with an S'L r (4) ladder operator gives 

O' = 1\XZ\Z\ \0YZ\Z\Z2Z2 + \XZ\Z\ \XZ\Z2Z\Z2 

—2 tr Z\Z 2 tr Z\Z\Z\Z 2 — tr ^2^2 tr Z\Z\Z\Z\ (3.56) 

This operator has the same weight as the [2,2,2] operators (but is of course 
orthogonal to them). The Born and order g 2 overlaps are 

(0'0'% orn = ^N 2 -l)(N 2 -4)(N 2 -9), (O'O'^) g2 = 0. (3.57) 

So indeed it is a 1/4-BPS operator. 

• Finally, there are 3 operators in the representation [1,5,1]. Their highest 
SU (4) weight state operators are 

0\ = \xz\Z\ \xz\Z\Z\Z\Z2 — tr z±z 2 tr z\Z\Z\Z\Z\ (3.58) 

02 = Xxz\Z\Z\\xz\Z\Z\Z2—Xxz\Z\Z2\xz\Z\Z\Z\ (3.59) 

03 = tr Z1Z1 (tr^i^i tr^i z±z 2 — tr Ziz 2 \xz\Z\Z\) (3.60) 
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while acting on O once with an SU(4) ladder operator gives 

0[ = 2trz±z 1 tr z±Zi Z\Z 2 z 2 + 2tr Z\Z\ tr Z\Z\ z 2 Z\z 2 

—3 tr z\z 2 tr Z\Z\Z\Z\Z 2 — tr z 2 z 2 tr Z\Z\Z\Z\Z\ (3.61) 

2 = 2tr Z\Z\Z\ tr Z\Z\Z 2 z 2 -\- tr Z\Z\Z\ tr Z\Z 2 Z\Z 2 

— tr Z\Z\Z 2 tr Z\Z\Z\Z^, — 2 tr Zi^^ tr Z\Z\Z\Z\ (3.62) 

0' 3 = 2 tr z\Z\ tr z\Z\ tr z\z 2 z 2 + tr z\Z\ tr z\z 2 tr z\Z\z 2 

—2trz\Z 2 Xxz\Z 2 tr Z\Z\Z\ — tr z 2 z 2 tr Z1Z1 \xz\Z\Z\ (3.63) 

These operators have the same weight as the [2,3,2] operators (but are of course 
orthogonal to them). The Born and order g 2 overlaps are 

(n'n'^r, 35(iv 2 -i)(jv 2 -4) 

Y^V^i /Born 128JV 

/N 4 - ION 2 + 72 -HAT 2 + 36 6iV(iV 2 -2) \ 

x iV 4 -4jV 2 + 18 -2iV(2iV 2 + 3) , (3.64) 

V 2iV 2 (iV 2 + 5) / 

(O i O , ;) g > = 0. (3.65) 

So indeed they all are 1/4-BPS operators. 

The Representation [2,0,2] 

The operators corresponding to (3.25) are 

0\ = 2 (tr Z1Z1 tr z 2 z 2 — tr Z\z 2 tr z±z 2 ) 

2 = tr z 1 z 1 z 2 z 2 - tr z 1 z 2 z 1 z 2 (3.66) 

The single trace operator 2 is a descendant of the Konishi scalar (see equation 
2.20), 

02 ~ (Q 2 Q 2 ) tr Zj z j . (3.67) 
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On the other hand, the operator orthogonal to 2 at Born level 

0i = 0i - -^0 2 (3.68) 

stays orthogonal to 2) (0i(:r)0 2 (y)) = 0; and its two-point function is protected 
at order g 2 , (d 1 (x)d 1 (y)) = (d 1 (x)d 1 (y)) Bom . 



The Representation [2,1,2] 

In this representation we again have only two operators 

0\ = \xz\Z\Z\ tr z 2 z 2 — 2tr z\z 2 tr Z\Z 2 Z\ + tr z±z 2 z 2 tr Z\Z\ 

2 = tr z 1 ziz 1 z 2 z 2 - tr Z\Z\Z 2 Z\Z 2 (3.69) 

and the single trace operator is again a descendant, 

2 ~ (Q 2 Q 2 ) tr [ Zl ZjZ j + Zizhj] (3.70) 

The operator orthogonal to 2 at Born level 

0i = 0i - ^0 2 (3.71) 

satisfies (Oi(a;)0 2 (y)) = 0, (O^d^y)) = (0 1 (x)d 1 (y)) Boin at order £ 2 . 

The Representation [2,2,2] 

Here we have a total of six operators. The lowest components of superfields (3.28) 
are 

0\ = Z\Z\Z\Z\\X Z 2 Z 2 — §\X Z\Z\Z\Z 2 \X Z\Z 2 

+ (2tr ZiZiZ 2 z 2 + tr z±z 2 ZiZ 2 ) tr Z\Z\ 
02 = tr Z\Z\Z\ tr Z\Z 2 z 2 — tr Z\Z\Z 2 tr Z\Z\Z 2 
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Os = \xz\Z\ (tr ZiZi tr z 2 z 2 — tr Z\z 2 tr Z\Z 2 ) 

e> 4 = tr Z\Z\Z\Z\Z 2 z 2 — 2 tr Z\Z\Z\Z 2 Z\Z 2 -\- tr Z\Z\Z 2 Z\Z\Z 2 

05 = Xx Z\Z\Z\Z 2 Z\Z 2 — Xx Z\Z\Z 2 Z\Z\Z 2 

O e = tr^i^i (tr ^iziz 2 2 2 - trzi^ 2122) (3.72) 

(and we didn't bother to keep the same normalization factors for all of them - 
just whatever looks better). The descendants arise from the Konishi-like long 
primary operators as 



(Q Q ) tr ziZiZjz 3 + Z\Z\Z 3 ' z 3 



(Q Q ) tr 



Z\ZjZ\Z J 



tr ZjZ 3 



(3.73) 



06 ~ (Q 2 Q 2 ) [trz^i] 

Note that another operator exists in a long multiplet, whose descendant coincides 
with Oq, 

06 ~ (Q 2 Q 2 ) [tiz lZj ] [tr Zl z 3 ~ 
This may be established by observing that the difference operator, 



(3.74) 



3 [tr z lZ j 



Xxz\Z 3 



tr ZjZ 3 



(3.75) 



^ - [trzi^i] 

is semi-short 3 . A similar phenomenon occurs for higher representations, and we 
will not mention it explicitly. 

The linear combinations orthogonal to these operators at Born level can be 
taken as 

40 



O o 24 n 48(2iV 2 -3) 
b o 4 o 3{7N2 ~ 8) O + 5 

° 2 " ° 2 " iV° 4 " iV(3iV 2 - 2) ° 5 + 3iV^2 



6 

06 



03 = 03 



20 



3iV 2 -2 



05" 



10 



3N 2 



(3.76) 



3 This is the non-renormalised 20' operator discussed in [12, 63, 64] 
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The matrix of two point functions in this basis is 

(<W!->Born \ /0 



* . ]+( . | (3.77) 

(LiLj) Bom J V° ( L i L j)g 2 . 



where the (symmetric) blocks are 

/ 7N A + 20N 2 + 8 -47V 4 - ION 2 + 4 2iV(13iV 2 - 2) \ 

3iV 4 + 2 -2N{QN 2 + 1) 

V 2iV 2 (3iV 2 + 13)/ 



Wi-^j/Born — 6 4 



(3.78) 

and 



3BiV(jV 2 -l) 



( L i L j)g2 ~ T!2 



/ 25iV 4 + 148iV 2 + 8 15iV 4 - 66iV 2 + 4 4iV(27iV 2 + 17) \ 

ION 4 + 22iV 2 + 2 -2iV(28iV 2 + 13) 

V 2N 2 (9N 2 + 89) / 

(3.79) 



and 



(Oidl)*** = x(iV 6 -lliV 4 + 70iV 2 -48) 

(Oi^b-b = jy^^2) X (5iV4 " + 24) 

(^) Bom = N *Z 2 -2) XiN2 - 2)i2N2 - 3) 

(0 2 0l) B0rn = N2{ 1£_ 2) x (3iV 6 - 41iV 4 + 160iV 2 - 96) 

(^^3>Born = X (13JV 2 - 12) 

(W^n = (3 ^ 2) x(iV 2 + l)(iV 2 -2). (3.80) 
Here and below we shall use the abbreviation, 

C w = (N 2 - l)(iV 2 - 4)/64. (3.81) 



As seen from (3.77), the operators defined in (3.76) have protected two-point 
functions (OiO,) at order g 2 . This shows that we can argue that 0±, 2 , 0% 
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are 1/4-BPS. Anomalous scaling dimensions of long operators (Li = 04, 05, Oq) 
match those of their Konishi-like primaries computed in [64]. 



A Better basis for protected [2,2,2] operators 

It may seem odd that the operators mixing of the operators in the representations 
[2, 0, 2] and [2, 1, 2] are in terms of coefficients that are merely inverse powers of 
N, while the mixing coefficients for the operators we identified in the representa- 
tion [2, 2, 2] have more complicated denominators. This distinction would also be 
surprising from the perspective of AdS/CFT, since the more complicated denom- 
inators would suggest that an infinite series of corrections in the string coupling 
g s = X/N would appear for given 't Hooft coupling A. As a matter of fact, the 
mixing coefficients depend upon the bases chosen for both the 0i, 2 and 3 
operators as well as the pure descendants. In a different basis, the coefficients 
are all proportional to inverse powers of N. For the representation [2, 2, 2], these 
new operators are found easily, and we have 

-/ 4 ~ 4 24 32 

-/ ~ 1 ~ 4 7 

O = 2 + 03 = 2 04 05 

2 2N 3 2 N 4 N 5 

-/ 2 ~ 4 ~ 2 4 ID 

O = Q 3 + 01 2 = 3 + — 01 02 6 (3.82) 

3 3N N 3N N 3N ' 

In this new basis, the matrix of 2-pt functions now reads 

/ 24(iV 4 + 3N 2 + 32) - 16(iV 2 + 9) 16iV(47V 2 - 1) \ 

(iV 2 - 3) (N 2 + 9) -2iV(iV 2 - 9) 

V 4(iV 4 + 17iV 2 - 24) / 

(3.83) 



(o:a? )Bom= ^ 
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The Representation [2,3,2] 

Here we have 8 operators. The operators corresponding to the basis (3.31) are 

0\ = 2tr z\Z\Z\Z\Z\ tr z 2 z 2 — 4tr z\Z\Z\Z\z 2 tr z\z 2 
+ (tr z\ z\ z\ z 2 z 2 + tr z\ z± z 2 z\ z 2 ) tr z\ Z\ 

2 = 3tr z\Z\Z\Z\ z\z 2 z 2 — 6 tv z\Z\Z\z 2 tr z\Z\z 2 

+ (2tr z\Z\z 2 z 2 + tr Z\z 2 z\z 2 ) \xz\Z\Z\ 

03 = tr z\Z\Z\ (tr z\Z\ tr z 2 z 2 — tr z\z 2 tr z\z 2 ) 

04 = X,Y Z\Z\Z\ X,Y Z\Z\ X.Y Z 2 Z 2 — 2X,Y Z\Z\Z 2 X.Y Z\Z\ X,Y Z\Z 2 

+ti z\z 2 z 2 tr ziZ\ tr z\Z\ 

05 = tr z\Z\Z\Z\ z\z 2 z 2 — 2 tr Z\Z\Z\Z\ z 2 z\ z 2 + tr z\Z\Z\ z 2 z\ z\z 2 

6 = tr z\Z\Z\Z\z 2 z\z 2 - z\z\z\z 2 z\z\z 2 
O-j = (tr ziZi^i^ £2 — tr^i^i z 2 ziz 2 ) tr z\Z\ 

Og = (iv z\Z\z 2 z 2 - tv z\z 2 z\z 2 ) Xx z\Z\Z\ (3.84) 
Out of these, four are descendants, 



05 ~ (Q 2 Q 2 ) tr 2z\ZiZ\Zjzi + 2z\Z\Z\z J ' zj — z\Z\ZjZ\z^ — z\Z\z? z\Zj 

06 ~ (Q 2 Q 2 ) tr z\Z\ZiZjZ^ + zi^iZi^Zj — 1z\Z\ZjZ\z? — 2z\Z\z? z\Zj 

07 ~ (Q 2 Q 2 ) ti z\Z\Zj tr ziz J + tr zi^iz- 5 ; tr z\Zj — 12 tr z\Z\Z\ tr ZjZ- 7 

08 ~ (Q 2 Q 2 ) tl Z\Z\Z\ tl ZjZ 



(3.85) 



while the combinations orthogonal to them at Born level can be taken as 

30(iV 2 - 2) Oo + 15(iV 2 -2) g| + 10(iV 2 + 2) Q 





= Oi 


-^05 

N 


02 


= O2 


-^05 


03 


= o 3 




04 


= 4 





AT3 

30(2iV 2 - 3) 
W 







6 



iV 4 

15(2iV 2 - 3) 
iV 4 



07 + 



AT4 

10(iV 2 + 3) 



iV 4 



08 



12 3(^-2) ^ 2(^+2) 

18 (7iV 2 -9) , 2(2^ + 9) ^ 
" N^° 7 3N^° S 



(3.86) 
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Born 





(3.87) 



The matrix of two point functions in this basis is 

\ /0 

(L l L]) Boi J + \0 {L t L)) g 2 

so indeed at order g 2 the operators defined in (3.86) have protected correlators. 
This shows that we can argue that 0\, 2 , 3 , are the 1/4-BPS primaries 
we are after. The (symmetric) blocks in equation (3.87) are 

/6iV 2 + 45 -3iV 2 -9 18N 36N \ 

2N 2 -3 -AN -15N 
AN 2 + 24 36 
V 9iV 2 + 54 / 

and 



(LiL\) 



Born 



\NC N 



(3.88) 



(LiL}) g , = 



12BNC N 

/9N(2N 2 + 27) 



-9N(N 2 + 8) 54(iV 2 + 2) 
iV(5iV 2 + 17) -6(3iV 2 + 2) 
4iV(2iV 2 + 23) 



27(5iV 2 + 6) \ 

-6(1(W 2 +3) 

174iV 

9iV(3iV 2 + 35) / 
(3.89) 

The Born level overlaps of protected operators are given by ugly and not partic- 
ularly illuminating expressions. Here we list them for the sake of completeness: 

(C^C^Born = 30 C N N~ 5 (N 8 - ION 6 + 117N 4 - 72W 2 + 420) 
(Oid^Born = -90 CnN' 5 (AN 6 - Q9N 4 + 395N 2 - 2 10) 



" : 1 ' ' = 90 C N N 1 (N 2 — 2) (iV 4 - 7iV 2 + 14) 



Born 

= 30 C N N~\N 2 -2) (N 2 -9) (3iV 2 -7) 



Born 

(0 2 ol) Born = A5C N N~ 5 (N 8 -29N 6 + 328iV 4 - 1290iV 2 + 630) 
(0 2 o[) Boin = -630C N N-\N 2 -l)(N 2 -6) 
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(Wi>Bor„ = 30C^iV- 4 (iV 2 -l)(iV 2 -9)(2iV 2 -21) 

(C»3^>Born = 9 C N N~ 3 (N 6 - N 4 - 16N 2 + 56) 

(0 3 0l) B0m = QC N N~ 3 (N 2 -9)(iV 4 + 3iV 2 -14) 

(WbiBorn = 2 C N N~ 3 (N 2 - 9)(7 N 4 + 1QN 2 - Q3) (3.90) 

and the constant C N = (N 2 - 1)(N 2 - 4)/64 was denned in (3.81). 



The Representation [3,1,3] 

Here there are 5 operators. The operators corresponding to the basis (3.36) are 

01 = tr Z\Z\Z\Z\ tr Z2Z2Z2 — 3 tr Z\Z\Z\Z2 tr Z\Z2Zi 

+ (2 tr zi Ziz 2 z 2 + tr ^1^2-21-22) tr Z\Z\Z 2 - tr Zi^^^ tr Z1Z1Z1 

2 = tr ZiZ 2 (2 tr 2x^2 tr — tr z 2 ^2 tr Z\Z\Z\ — 3 tr zjZi tr ZiZ 2 z 2 ) 

+tr Z1Z1 (tr z 2 z 2 Xxz\Z\Z 2 +trziZ 1 tr z 2 z 2 z 2 ) 

03 = trziZi^i^^i^^ - trziZi^i^-^i-^ 

£> 4 = 2tr ^1 Z\ Z\ Z\ Z2 Z 2 Z2 — 3 tr Z\Z\Z\Z2Z\Z2Z2 — o\X Z\Z\Z\Z 2 Z 2 Z\Z2 
+2tr Z\ Z\Z2Z\ Z2 Z\Z 2 + 2 tr Z\Z\ZiZ2Z\Z\Z2 

5 = - (tr zi ziz 2 z 2 z 2 - tr ZiZ 2 ZiZ 2 z 2 ) tr Z\Z\ 

+ (tr z 1 z 1 z 1 z 2 z 2 - \xz\Z\ z 2 zi z 2 ) tr z x z 2 (3.91) 

Out of these three are descendants, 



03 ~ (q'q 2 ) tr 



z\Z\Z2ZjZ J + ziZi^ir-Zj — -Zi^iz-,-^^ — z\Z\z J ZjZ 2 

O4 ~ (Q 2 Q 2 ) tr Zi-Zi^-Zj"^ 3 ' + Z\Z\Z2Zp Zj + Z\Z\ZjZ? Zi + Z\Z\Z? ZjZ% 

—1Z\Z2Z\ZjZ l — 1ZxZ2Z\Z? Zj (3.92) 

^5 ~ (Q 2 Q 2 ) 2tr z\Z\Zj tr z 2 z? + 1trz\Z\Z? tr Z2Zj — trz\Z2Z? tr z\Zj 
—trz\Z2Zj tr z\z? — trz2Z\z? trz\Zj — tr z 2 z\Zj trz\Z 3 
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while the combinations orthogonal to them at Born level can be taken as 

Ox = Oi 



AT2_ 2 U4 iV2-2 U5 



^2 tt^-tO, • -7-7— —7 Or, (3.93) 



N 2 -2 



iV 2 -2 



(which are the operators found in Chapter 2). The matrix of two point functions 
in this basis is 



Born 



\ /o 

+ 



(3.94) 



(L^Born/ \0 (^Lj.)^ 

so indeed at order g 2 the operators defined in (3.93) have protected correlators. 
This shows that we can argue that Oi, O2, are the 1/4-BPS primaries we are 
after. The (symmetric) blocks in (3.94) are 

/N(N 2 -9) \ 



(LiL\) 



Born 



c 



N 



V 



15iV(iV 2 + 3) -3(W 2 

3A^(A^ 2 + 6) / 



/5A^(A^ 4 - 9) 











(OiO\) 



Born 



V 



6BNC N 

15(iV 2 - 9) 
N 2 (N 2 — 2) 



C 



75N{N 2 + 7) 180(iV 2 + 1) 

12iV(A^ 2 + 16) / 
(iV 2 - l)(iV 2 -4) 4A^(A^ 2 -1) 



N 



2N 2 (N 2 -Q) 



(3.95) 



As mentioned before, the operator C 3 has zero correlators with everything 
else. The reason is that 0\ = -(0 3 )*, while for all other operators 0\ = +(Oi)*. 



Completeness of the Construction 

An important point which remains to be addressed is whether the construction of 
the 1/4 BPS operators given above is exhaustive. The fact that it is follows from 
SU(4) group theory in the following manner. Given a 1/4 BPS representation 
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of SU(4) of the type [q,p,q], one begins by listing all possible monomial scalar 
composite operators built out of (p + q) Zi's and q ^'s. 4 These monomials form a 
basis for the linear space of scalar composite operators of the form [(zi)( p+q ^ (z 2 ) q ]. 
They can occur in representations [0,p + 2q, 0], [l,p + 2q — 2, 1], ... , [q,p,q\. Then 
we have to show that the number of such monomials matches the total number 
of operators we constructed in these representations. 

Let us illustrate how this works with an example. Consider the [2,2,2] repre- 
sentation. The complete set of scalar composite operators we can build out of 4 

zis and 2 z 2 's is 

6 : tr Z\Z\Z\Z\Z2Z<ii tr Z\Z\Z\ZiZ\Zii Xx Z\Z\ZiZ\Z\Zi 

4 + 2: Xx Z\Z\Z\Z\ tr Z2Z2, tr z\Z\Z\Zi \xz\Z2, tr z\Z\ZiZi tr ZiZ±, 

tr Z\Z2Z\Z2 tr Z\Z\ 

3 + 3: \x Z\Z\Z\ Xx Z\Z2Z2, tr z\Z\Zi \xz\Z\Z2 
2 + 2 + 2: tr Z\Z\ tr Z\Z\ tr z 2 z 2 , tr Z\Z\ tr Z\Z 2 tr z 1 z 2 (3.96) 

or the total of 11 operators. By taking linear combinations of these, we can 
construct: 

• 4 tensors in the [0,6,0] corresponding to the partitions of 6 in (3.96); 

• 1 tensor in the representation [1,4,1], given in (3.56); 

• 6 tensors in the representation [2,2,2], listed in (3.72). 

Thus there are no other scalar composite operators of the form [(^i) 4 (<2 2 ) 2 ]. 

In the same fashion, we can go through all other representations we have 
considered in this Chapter and verify that we didn't leave out any operators. 



4 The remaining scalar field Z3 never enters in the highest weight of a 1/4 BPS representation, 
though it will also be needed when describing 1/8 BPS operators. 
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CHAPTER 4 



Three-Point Functions of Quarter BPS 
Operators in J\f=4 SYM 

In Chapters 2 and 3, we constructed |-BPS chiral primaries in the fully interact- 
ing Af=4 SYM theory. In general, these operators are linear combinations of all 
local, polynomial, gauge invariant, scalar composite operators in the [p, q,p\ rep- 
resentations of the i?-symmetry group SU (4). The coefficients with which they all 
combine into operators with a well defined scaling dimension are quite involved. 
The |-BPS chiral primaries, like the |-BPS operators extensively studied in the 
literature, have protected two-point functions (at least at order g 2 ). 

Here we investigate the (non-) renormalization properties of three-point cor- 
relators involving |-BPS operators along with |-BPS operators. Given the elabo- 
rate combinatorics of the problem, we concentrate on the following special cases. 
First, we discuss several group theoretic simplifications of the combinatorial fac- 
tors multiplying the Feynman graphs that contribute to three-point functions of 
chiral primaries. Based on SU{4) group theory and conformal invariance only, we 
argue that certain classes of such correlators are protected at order g 2 , for all N. 
In particular, this allows us to compute 0(g 2 ) corrections to correlators of the 
form (OiOiObps), where Oi are two |-BPS operators, and 0bps is an arbitrary 
(l"' I"' or t~BPS) chiral primary. Next, we look at the three-point functions 
and (O1O1O1), also for general N, where Oi are the A < 7 \-BPS 
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primaries found in Chapters 2 and 3. Then, we carry out a large N analysis of 
(O1O1O1) correlators involving the special ^-BPS operators (mixtures of single 
and double trace scalar composite operators), for arbitrary A. Also in the large 
N limit, we identify the corresponding objects in the supergravity description, 
and compute the correlators on the AdS side of the correspondence. 

Finally, we make some speculations. Based on the broad range of special 
cases, we conjecture that two- and three-point functions of |- and ^-operators 
receive no quantum corrections, for arbitrary N. Additionally, a set of group the- 
oretic considerations discussed here extends straightforwardly from three-point 
functions to extremal correlators. Therefore, we suggest that extremal correlators 
involving \- and ^-operators are protected as well. 



4.1 Contributing diagrams 



The two-point functions of the scalar composites discussed in Chapters 2 and 3, 
have the schematic form 



( 



z 1 {p+q) z 2 p 



(y)) 



(4.1) 



where [...] are some gauge invariant combinations. The free field part of (4.1) 
is given by a power of the free correlator [G(x ) y)] <y2p+q \ times a combinatoric 
factor. From the Lagrangian (2.1) we can read off the structures for the leading 
correction to the propagator, and the four-scalar blocks, see Figure 2.1. 

Three-point functions to be considered in this Chapter are of the form 



( 



y k+l 



(x) 



-k+m 



(y) 



z z 



(4.2) 



The free result is just the product of appropriate powers of free correlators 
[G(x, y)] k [G(x ) w)] l [G(y, w)] m . The same structures that contribute to the two- 
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f ap "f P C (x;y,w) G(x,y)G(x,w) 

f Pa f bph C (x;y,w) G(x,y)G(x,w) 

f apa f bph C" (x;y,w) G(x,y) G(x,w) 
f apb f apb C (x;y,w) G(x,y)G(x,w) 

f apb f apb C (x;y,w) G(x,y)G(x,w) 

Figure 4.1: Building blocks for g 2 corrections to three-point functions. The three 
space-time points are x (with two legs attached) and y and w (single leg each). 

point functions at order g 2 (see Figure 2.1), also contribute to the three-point 
functions (4.2). Apart from these, there are new building blocks, shown in Fig- 
ure 4.1. They have the same index structure, but are now functions of three 
space-time coordinates rather than two. 

Notice that the F-term corrections proportional to B(x,y) in Figure 2.1, and 
the last graph (proportional to C(x;y,w)) in Figure 4.1, are antisymmetric in 
i and j, hence they are absent when the scalars in the four legs have pairwise 
the same flavor. For the same reason, these corrections are also absent when the 
operator at point x is symmetric in all of its flavor indices. In particular, this is 
the case when the operator at x is |-BPS. 




79 



4.2 Restrictions from J\f=4 SUSY and gauge invariance 

The form of quantum corrections to two and three-point functions is known [3]. 
Space-time coordinate dependence of the Feynman diagrams contributing to these 
correlators at order 0(g 2 ) is constrained, since all exchanged fields are massless. 
We know the parametric form of the functions A(x,y), B(x,y), B(x,y); and 
C(x;y,w), C'(x;y,w), C"(x;y,w), and C(x;y,w), without having to perform 
integrals explicitly. Functions which depend on two space-time points, are of the 
form A(x 1 ,x 2 ) = a log x\ 2 n 2 + b with Xij = Xi — Xj] three-point contributions look 
like C(xi,X2,x 3 ) = a' log 2; 2 2 x 2 3 /i 4 — a"logxl 3 + b' (making use of the x 2 <-> x 3 
symmetry of these building blocks). 

A/"=4 SUSY tells us more. From non-renormalization of two and three-point 
functions of operators in the stress tensor multiplet, one can see [3] that B(x, y) = 
—2A(x,y), and C'(0;x, y) + C(0;x, y) = —C(0;x,y); the authors of [3] chose to 
combine these and call it just C'. 1 The coefficients a', a" and b' are determined 2 
in terms of a and b: 

A(x,0) = -±B(x,0) = alogxV + 6 

2 2 2 

-C(0;x,y) = a log ^ JL \ + b (4.3) 

[x — y) 2 

Therefore, the net contribution to the three-point function (4.2) of the 0(g 2 ) 
diagrams involving a gauge boson exchange (diagrams A, B, and C), is 

(^](X 1 )^](X 2 )[^](X3))| ( ^B + C) 

= a{cf loga;? 2 /i 2 + of \ogx\^ 2 + of \o g x 2 2 ^ 2 ) + be™ (4.4) 

where and c l J and c X2Z are some combinatorial coefficients. 

1 One way to see this is to consider the protected correlators of [0,2,0] scalar composite 
operators (tr z\zi{x) tr z\zi{y)) , and {[z 2 ](x)[z 2 ](y)[zz](w)} and ([zz](x)[zz](y)[zz](w)} . 

2 This follows from C(x; y, w) + C(y; x, w) + C(w; x, y) + A(x, y) + A(y, w) + A(x, w) = 0. 
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Now we use gauge invariance of the theory. On the one hand, we observe that 
the coefficients a and b are gauge dependent as we saw in Chapter 2, Section 2.5, 

A(x,0) = \ii 2 g 2 S, log x 2 /! 2 + log 47r - 7 + (^-independent) (4.5) 

where £ is the gauge fixing parameter. On the other hand, a correlator of gauge 
invariant operators can not depend on £. Therefore, the combinatorial coefficients 
multiplying a and b in equation (4.4) must vanish, c l J = c 123 = 0. Hence, the 
.D-term diagrams proportional to A, B, and C all cancel; their net contribution 
to the three-point functions (4.2) is zero. 

So just like in the case of two-point functions, we only have to consider the 
F-term graphs. They are proportional to B and C, the only gauge independent 
diagrams around (C = — (<7 + (7) and C" = C — C do not have to be treated 
separately as they are linear combinations of the other ones). 



4.3 Position dependence of B and C 

Having shown that D-term corrections to three-point functions (4.2) are absent, 
it remains to consider the F-term interactions. In this Section we derive a relation 
between functions B and C, which will play a key role in the analysis of three- 
point functions of |-BPS chiral primaries, see Section 4.5.1.1. 

Space-time position dependence of B and C (shown Figures 2.1 and 4.1) 
is parametrically determined to be B(x, 0) = alog(x 2 /i 2 ) + b and (7(0; x,y) = 
a! \og(x 2 y 2 fj, 4 ) — a" \og((x — y) 2 ^ 2 ) + c. Furthermore, the leading divergent be- 
havior can be read off from the integrals unambiguously, and so from the limit 
(7(0; x, y — > x) we infer a! = |a. 

To evaluate the remaining coefficients a, a", and 6, replace 1/x 2 — > l/(x 2 + e 2 ) 
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for scalar propagators inside integrals. 3 With this prescription 

(d A z) [4n 2 x 2 ] 2 



B(x,0) 



ly 2 



= -Y' 



1 



32tt 2 



[Att 2 ((z - x) 2 + e 2 )} 2 [4ir 2 (z 2 + e 2 )]' 



\og(x 2 /e 2 ) - 1 



(4.6) 



is the regularized two-point function, while the three-point function becomes 



C(x;y,0) = -\Y 2 



-Y< 



(d 4 z) [4ttV] [4ir 2 (x - y) 2 } 



[4tt 2 ((2 - x) 2 + e 2 )} 2 [4tt 2 ((^ - y) 2 + e 2 )] [4vr 2 (^ + e 2 )] 



64tt 2 



log 



x 2 {x — y)' 
y 2 e 2 



(4.7) 



(The numerators inside the integrals come about because of the powers of free 
scalar propagator in the definitions of B and C, see Figures 2.1 and 4.1.) Hence, 

1 



C(x; y, 0) + C(y; x, 0) - B(x, y) = —Y x 



32tt 2 



(4.8) 



is a nonzero constant (for A/"=4 SUSY, Y 2 = 2g 2 ). The value of this constant 
does not depend on the regulator e. Also note that with the "point splitting 
regularization" one would get the incorrect result of vanishing constant in (4.8). 



4.4 Structure of the three-point functions 

With the results of Section 4.2 at hand, we can write down the form of a general 
three-point function of scalar composite operators (4.2) to order g 2 : 



(x) 



—k+rn 



(y) 



z l z m 



W> = G(x,y) k G(x,w) l G(w, y y 



x (a fre e + (3 xy B(x, y) + (3 xw B(x, w) + (3 yw B(y, w) 

+lxC(x; y, w) + %C(y; x, w) + %C(w; x, y) 



+0(g 



(4.9) 



3 This is the fastest way to calculate the integral for C, but one can obtain the same results 
using dimensional regularization. 
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where aw, fi-s and 7-s are some combinatorial coefficients. Using the expressions 
(4.6) and (4.7) from Section 4.3, we can determine the 0(g 2 ) position dependence 
of (4.9) completely — if we know these combinatorial coefficients. Together with 
conformal invariance, and the SU(4) symmetry properties of the operators in 
(4.9), we can often go a long way to figuring out which of the combinatorial 
coefficients must vanish, without doing any actual calculations. 



4.4.1 Space-time coordinate dependence 

Like in the case of two-point functions, conformal invariance restricts position 
dependence of three-point correlators of pure operators (i.e. ones which have a 
well defined scaling dimension). Consider three (gauge invariant Lorentz scalar) 
operators 0\, 2 , and 3 , of dimensions Aj = fcj + Si, inserted at corresponding 
points Xi. Let hi be integers; and Si, the order g 2 corrections to the scaling 
dimensions (which may or may not be zero). The three-point function {0\0 2 3 ) 
is completely determined up to a multiplicative constant Ci 23 = C® 2Z + C\ 23 
(where again C® 23 is the free field result and C\ 23 ~ g 2 ), 

C123 



(0 1 (x 1 )0 2 (x 2 )0 3 (x 3 )) 



A1+A2-A3 A1+A3-A2 A2+A3-A1 

x 12 x 13 x 23 

= (Oi0 2 3 )f ree (l + cl 23 /c® 23 



/■>-» 2 ,->•» 2 ™ 2 ,-y»2 , 2 , y» 2 

J -12 J '13 r 1 x 21 x 23 r i „ x 31 x 32 

l0 § ^2-2- - ^ ^g -2-^- - 5 3 log 

x 23 fc x 13 fc x 12 fc 

+0(g*)) (4.10) 



with ajjj = Xi — Xj as usual. 



Suppose that all three operators have protected scaling dimensions, Si = 0. 
Then (4.10) reduces to 

(O^O^O^x,)) = (0 1 2 3 ) fr ec(l + Cl 23 /C° 123 ) (4.11) 
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and no logs arise. In this case, the combinatorial factors in (4.9) satisfy 



and we need to calculate only three coefficients (the (3-s, for example), to find all 
the 0(g 2 ) corrections to this correlator. In fact, the only allowed correction is 
the constant (3 = [3 xy + (3 XW + (3 yw times (— Y 2 /32n 2 ). To show that a three-point 
function of BPS operators is protected, we have to demonstrate that (3 = 0. 

4.4.2 Group theory simplifications 

There are several simplifications which set some of the combinatorial coefficients 
in (4.9) to zero. These considerations are based on the underlying SU (4) ~ 5*0(6) 
symmetry of the theory only, and are applicable for general N. We will leave 
aside the trivial case when the correlator is forced to vanish by group theory, and 
assume that the Born level coefficient in (4.9) af ree ^ 0. 

The simplest BPS operators are |-BPS chiral primaries, gauge invariant scalar 
composites in [0, q, 0] representations of SO(6). These are totally symmetric 
tensors of SO(Q), so if for example the operator O x is |-BPS, the coefficients 
Pxy = Pxw = lx = since the diagrams they multiply are antisymmetric in 
the flavor indices of O x . A Similarly, if both O x and O y are |-BPS and O w 
is any BPS operator, we have f3 xy = $ xw = j x = $ yw = % = 0, and hence 

$ = Pxy + Pxw + Pyw = 0; there are no 0(g 2 ) corrections in this case. In particular, 

4 If we chose O w as such a 5-BPS operator, we would not be able to conclude that j w = 
just from the symmetries of O w : the fourth diagram of Figure 4.1, is not antisymmetric in 
flavor indices at the vertex where the operator is made of both z-s and z-s. However, using 
equation (4.14) we find j w — (3 XW + /3 yw — since /3 XW — f3 yw = when all three operators have 
protected scaling dimensions. 




(4.12) 




(4.13) 




(4.14) 
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w 



w 



w 



Figure 4.2: F-term contributions to (Obps(x) ^bps(2/) ^^i w ))g 2 m ^ ne case when 
the correlator can be "partitioned into two flavors:" (a) proportional to B(x,y); 
(b) proportional to C(x;y,w); (c) proportional to C(y;x,w). 

this reproduces the result of [3] when all three Xt y tW are |-BPS chiral primaries. 

The "standard" way to choose SU(A) weights of operators in a three point 
function is to take the highest weight state A in its representation; another, the 
lowest weight state —A' in its; and the third operator to have weight A' — A. But 
in some cases, the combinatorics simplifies if we chose the weights differently, as 
will be illustrated below. 

Suppose that O w is |-BPS, and furthermore we can "partition the correlator 
into two flavors," i.e. choose the operators such that O w = [z™z%] while O x = 
[z^z l 2 ] and O y = [z[ k ~ m ^ Z2~ n \ Consider a diagram proportional to C(x;y,w), 
see Figure 4.2(b). The sum of all such diagrams is symmetric in the color indices 
a and b at y (since the scalars at y used in this diagram have the same flavors, 
Zi and z\), and symmetric in colors at w (since O w is |-BPS, it is symmetric in 
the indices b and c). But it must be antisymmetric in the color indices a and 
c of the z\ and z\ leaving the interaction vertex (as this diagram comes with a 
factor of f apc , see Figure 2.1). We conclude that all such diagrams cancel, and so 
j x = 0. In the same fashion, we conclude that j y = as well, and together with 
Pyw = Pxw = (as O w is i-BPS), we find that (3 = when O x and O y are any 



85 



w 



Figure 4.3: Order g 2 corrections to correlators of the form (4.15): (a) and (b) 
includes a gauge boson exchange; (c) and (d) F-terms. Self energy contributions 
(not shown) also include a gauge boson exchange. 

operators with protected scaling dimensions. 

There is another type of three-point functions of BPS chiral primaries which 
receive no 0(g 2 ) corrections by similar considerations. Consider a correlator (4.9) 
such that O x is made of z\ and z 2 ; O y made of z\ and z 3 ; and O w , made of z 2 
and z 3 , i.e. a correlator of the form 

([«](*) W%](V) fe1M> (4-15) 

This correlator is "partitioned into three disjoint flavors." Order g 2 contributions 
to this three-point function are shown in Figure 4.3. There are no corrections 
proportional to any B-s since all lines within any rainbow carry the same flavor, 
so immediately f3 xy = $ yw = f3 xw = and hence there are no 0(g 2 ) corrections 
here, as well. 

Finally, extremal three-point functions can be analyzed in a simple way. Here, 
the scaling dimension of one of the operators is equal to the sum of scaling 
dimensions of the other two. 5 Suppose that A x + A y = A w in (4.9). At Born level, 

there are no G(x, w) propagators, and so there are no corrections proportional to 

5 In general, (n + l)-point functions (Oo(xo)Oi(xi)...O n (x n )) are called extremal if one of 
the scaling dimensions is the sum of all the others, A = Ai + ... + A„. 
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Figure 4.4: Order g 2 corrections to extremal correlators: (a) and (b) within a 
single peddle; (c) and (d) between the two peddles. Self energy contributions 
(not shown) and diagrams (a) and (c) are gauge dependent, while (b) and (d) 
diagrams arise from the F-terms. 

B(x,y), C(x;y,w), or C(y;x,w), see Figure 4.4. Together with the constraints 
(4.12-4.14), this determines (3 — when the three (Lorentz scalar) operators 
inserted x, y, and w are arbitrary operators with protected scaling dimensions. 

Another remark about extremal correlators is in order. As it is easy to see, 
one of the above group theory simplifications generalizes straightforwardly to ex- 
tremal correlators of chiral primaries. Namely, if all operators except for one are 
|-BPS (and the remaining one is an arbitrary chiral primary), extremal correla- 
tors receive no order g 2 corrections. 

4.5 Three-point functions of BPS operators 

We are now ready to discuss correlators of three BPS chiral primaries. The 
simplest correlators (O1O1O1) (where each Oi stands for a |-BPS operator), 
were considered by the authors of [3], who found that three-point functions of 
|-BPS operators do not get corrected at order g 2 , for any N. These are a special 
case of correlators of the form (Oi Oi 0bps), which we discussed in Section 4.4.2 
(here Orps is an arbitrary BPS operator). Such three-point functions receive no 
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0(g 2 ) corrections by group theory reasoning. 



4.5.1 Correlators (OidOi) 

Not all three-point functions of chiral primaries can be simplified using the results 
of Section 4.4.2, so occasionally we will have to actually compute some of the 
combinatorial coefficients. In this Section we will look at correlators of two \- 
BPS operators with one |-BPS operator. 



4.5.1.1 (0 [PtqtP] {x)0 [p ^ p] {y){trztz){w)) 



The simplest (O1O1O1) three-point functions are of the form 



{0{x)0\y){tvX 2 ){w)) 



(4.16) 



where the |-BPS primary trX 2 is a scalar composite operator in the [0,2,0] of 
577(4). Group theory restricts the quantum numbers of operators which can 
have nontrivial three point functions. Tensoring [p,q,p] <8> [0,2,0] using Young 
diagrams of SO (6) gives 



m 



naxn 



3SK1 



us 



nxn 



nasi 



(4.17) 



where in the first row there are no contractions (i.e. 5*0(6) traces), only sym- 
metrizations and antisymmetrizations; in the second row, one contraction; and 
in the third row, two contractions; the stands for tableaux with more than 
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two rows. 6 In terms of Dynkin labels, equation (4.17) reads 



[p,g,p]<g> [0,2,0] = \p,q + 2,p]®\p+l,q,p+l]®\p + 2,q-2,p + 2] 

© \p,q,p] © [p+l,g-2,p+l]0 [p- l,g + 2,p- 1] 

© [p,g-2,p]e[p-l,g,p-l] © [p-2,g + 2,p-2] 

© ... (4.18) 

Now, the stands for representations with [r,s,r + 2k] Dynkin labels with 

k 7^ 0. Thus the only three-point functions of the form (4.16) which can possibly 
have a nonzero value are the extremal correlators 

(0 [MlP ](x)a^_ 2 , p] (y)(tr^)( w )) (4.19) 
(0[ P , w ]^)0[p- 2 , 9+ 2 1 p-2](?/)(trz 2 2 )(«;)) (4.20) 
(C[p, ? ,p] (aO0[p_ M> p_i] (y) (tr ^ 2 ) H) (4.21) 

which correspond to those diagrams in (4.17) with zero or maximal number of 
contractions; and non-extremal correlators 

<CW] W^W] (j/) (tr ztz) (w)) (4.22) 
(0[p,?,j>]( I )0[p-i,?+2,p-i](!/)(t""22i)(«')) (4.23) 

where t is a diagonal SU(3) generator. All other correlators of the form (4.16) 
either vanish because the tensor product of irreps [p,q,p] and [0,2,0] does not 
contain [r, s,r], or are related to the ones in (4.19-4.23). 

Extremal three-point functions were discussed in Section 4.4.2, and were found 

to be protected at order g 2 . The only correlators of the form (OO'trX 2 ) we 

6 Tensoring representations in the manner of equation (4.17) gets messy for larger represen- 
tations. Another method (of Berenstein-Zelevinsky triangles) is discussed in Appendix 4.9.1. 
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www 

Figure 4.5: Nonvanishing Born diagrams for non-extremal 3-point functions 

(0 [Piq:P] d [P:q , p] (trztz)) (a-b); (0 biW] O b -i !9+2r i](tr z 2 z x )) (c). 

need to consider are those given by (4.22) and (4.23). However, the three- 
point functions of Figure 4.5(c), must in fact vanish: trz 2 Zi = \z 2 Z\ * s diag- 
onal in color indices, and hence the combinatorial factors for the Born graph of 
(0{p,q,p]( x )&[p-i,q+2,p-i](y)(tr z 2 Zi)(w)) are proportional to the ones for the two- 
point function (Ofy iqjP ]Ofy-i iq+ 2 lP -i\) = 0. The same thing happens at order g 2 , 
etc. 7 So correlators (4.23), although allowed by (4.18), are in fact forbidden by a 
combination of SU (N) and 577(4) group theory. 

Correlators (0[ P)qyP ](x)0\p^ yP ](y)(tr ztz)(w)) are the only ones that remain to 
be considered. The contributing Born level diagrams are shown in Figure 4.5(a,b), 
and the 0(g 2 ) graphs appear in Figure 4.6 (corrections to the scalar propagator 
are not shown, but are also present). Repeating the arguments of [3] from the 
|-BPS calculations, we see that the combinatorial structure of this three-point 
function {OOiti ztz)) is the same as that of the two-point function (OO). At 
Born level, we find that 

{Ofaqj,] ( X )&lp,<),p] (V) (tr Ztz) H) I free 

= |[(p + g)tn+pt 22 ][ G( ^ (4.24) 
7 Explicitly, in Section 4.4.2 we saw that the 0(g 2 ) part of this three-point function vanishes. 
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Figure 4.6: Order g 2 corrections to {0[ PAiP \(x)0[ p ^p\(y)(tiztz)(w)) with t 2 2 = 0: 
(a) within the rainbow = 1,2 in the second diagram); (b) from the rainbow 
to X 2 (there are similar ones with the other leg of X 2 uncorrected). 

At order g 2 , the contributions proportional to B and C (diagrams (al) and (bl) 
in Figure 4.6) have the same index structure, which in turn is identical to that of 
the two-point functions (£V 9 ,p](:r)(D[p,g,p] (y)). Because \xz\Z\ is diagonal in color 
indices, its only effect on the combinatorics is to distinguish the pair of indices 
which go to O w rather than stretch directly between O x and O y . 

There is a curious relation between the functions B(x, y) and C(x; y, w), which 
can be graphically expressed as 8 




constant 



(4.25) 



This is a consequence of conformal invariance and nonrenormalization of the 
scaling dimension of trX 2 . To see how this comes about, let O be an arbitrary 
(not necessarily BPS) scalar operators of same scaling dimension A; then 

C 



(O(x)O(y)} = 
(0(x)0(y)trX 2 (w)) = 



(x - y) 2 ^ 

C G(x,w)G(y,w) 



(4.26) 
(4.27) 



(x-y) 2A G(x,y) 

in d — 4; trX 2 = tr ztz as in Equation (4.24). In other words, coordinate 

8 The fact that C(x; y, w) + C{y; x, w) — B(x, y) is just a constant was established in Section 
4.3 by an explicit calculation. The value of this constant was also found there. 
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dependence (modulo the ratio of free scalar correlators) is the same, and the 
difference is just a constant factor. Assume now that O is constructed of only 
Zi-s (then O is made of only Zj-s). Then, the only 0(g 2 ) contributions to the 
two-point function (0(x)0(y)) are proportional to B(x,y). Similarly, the 0(g 2 ) 
corrections to the correlator (0(x)0(y) tiX 2 (w)) are proportional to B(x, y) and 
to [C(x; y, w) + C(y;x,w)]. Index structure of these building blocks is the same 
(as discussed after equation 4.24), so 



(0(x)0(y))\ g2 



(B(x,y) (4.28) 



(0(x)0(y))\ iree 

\C C(x; w, y) + C(y; w, x) + B(x, y) (4.29) 



(0(x)0(y)trX 2 (w))\ g2 



(0(x)0(y)trXi(w))\ ime 

The difference between B(x,y) contributions to (0(x)0(y) trX 2 (u>)) and to 
(0(x)0(y)) is that the pair of indices which go to w rather than stretch between 
x and y directly, is distinguished. Hence, C' — C times some combinatorial factor. 9 
As was discussed in Section 4.3, B and C have the form B(x, y) — a log ^ x ~^ +b, 
C{x;y,w) = of log (^) 2 j^) 2 _ & // log Ig=^!+y. By comparing (4.27) and (4.26), 
we see that expression (4.29) must have the same coordinate dependence as (4.28). 
This restricts a' = a" = |a, which reproduces the "winking cat" identity (4.25). 

Finally, we can relate (0(x)0(y) trX 2 (w)} to (0(x)0(y)) by a Ward identity. 
As shown in [65], the ratio 

(O(x)O(y)T, u (0)) 2A t^jx-yy 

(0(x)0(y)) 3tt 2 rrV 1 ' 

depends on the scaling dimension A of the operator O (here, 7 = -% — \ and 

x y 

tfiuil) = — \Vnv)- Since the energy momentum tensor T^ u is in the same 
J\f = 4 multiplet with trX 2 , there is also nothing peculiar about the fact that 

C12/C12 can in general receive 0(g 2 ) correction. This ratio also depends on A. 

9 In particular, if A = Ao is not corrected, then neither (0(x)0(y) tyX 2 (w)) nor (0(x)0(y)) 
get any one loop corrections. 
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4.5.1.2 General (OiOxOx) correlators 

V 4 4 2 ' 

Three-point functions of two ^-BPS operator and one ^-BPS operator are similar 
to the ones described in Section 4.5.1.1. It suffices to consider a single three-point 
function (such that the Clebsch- Gordon coefficient 10 for these three vectors in the 
given irreps of SU(A) is nonzero) for each set of three representations. Without 
loss of generality, we can choose a [p,q,p] scalar composite 0(x) to be made of 
only z-S] a [r, s,r] scalar composite 0'{y) to be made of only z-s; and a [0, k, 0] 
scalar composite tr X ai+a2 at w of the form 

t i x . . . i ai ; jl ■ ■ -ja.2 S ^ r Z h ■ ■ ■ Zi a 1 Zjl ■ ■ ■ Z ja 2 • 3 1 ) 

where a.\ + a 2 = k, and .% ...j is the appropriate irreducible SU(3) tensor 
(like in [3]). The correlators we are after are 

(0(x)0'{y){trX ai+a2 ){w)) (4.32) 

Position dependence of (4.32) is 

[G(X, yY 2p+ ^ +i2r+ ^- k G{x, W ) k+i2p+r) - {2r+s) G(w, y )fc-(2p+r)+(2r +i )]l/2 (4^33) 

at Born level. The contributing free diagrams are similar to the ones shown in 
Figure 4.5; and 0(g 2 ) diagrams, to those of Figure 4.6, but now there can be 
a different number of lines stretching between x and w and between w and y. 
Apart from the factor (4.33), the general (O^OiOi) correlator (4.32) is given by 

«free + Px y B(x, y) + %C(x\ y, w) + %C(y; x, w) + 0(g 4 ). (4.34) 

According to the discussion of Section 4.4, the remaining combinatorial coeffi- 
cients vanish, f3 xw = f3 yw — ^ w — 0. Moreover, j x = % = fi xy as follows from 

10 By Wigner-Eckart theorem, for any three representations we only need to calculate one 
(nonvanishing) correlator of any representatives from these irreps. 
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equations (4.12-4.14), so (4.34) reads 

ctfree - Pxy (C(x; y, w) + C(y; x, w) - B(x, y)) + 0(g 4 ) (4.35) 

Hence, we only need to verify that (3 xy = 0. 11 

The simplifications we can use to deduce that f3 xy = without doing calcula- 
tions, are discussed in Section 4.4.2. Extremal three-point functions are always 
easy to identify, and with the BPS primaries in representations [p, q,p], [r, s,r], 
and [0, k, 0], the restrictions on the scaling dimension translate into 

2r + s = 2p + q + k, 2p + q = 2r + s + k, or 2p + q + 2r + s = k, (4.36) 

depending on which scaling dimension is the sum of the other two. 

The "three flavor partition" boils down to being able to choose a single flavor 
(at Born level) for the lines between the two |-BPS operators, when the third 
operator is |-BPS. This is possible whenever 

2r + s < k + q and 2p + q < k + s. (4.37) 

Alternatively, if we can choose the |-BPS operator O w to be made of only 
Zy& and z 2 -s; and the |-BPS operators as O x of zi-s and z 2 -s, O y of z\-s and z 2 -s, 
we get the "two flavor partition" of Section 4.4.2. This can happen if 

k < q + s. (4.38) 

In all three cases (4.36), (4.37), (4.38) there are no 0(g 2 ) corrections, as 
established in Section 4.4.2 using only SU(4:) group theory and conformal invari- 
ance arguments. However, there are allowed three-point functions of the form 

(OiOiOi) where we can not choose irrep representatives in such a nice way. 

11 The expression multiplying (3 xy in (4.35) is a nonzero, renormalization scale independent 
constant. In Section 4.3, its value was computed to be — (Y 2 /32tt 2 ). 
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Throughout the rest of this Section, we will concentrate on the |-BPS opera- 
tors with A < 7, constructed in Chapters 2 and 3. In particular, we will consider 
scalar composite operators in 577(4) representations of the form [p, q,p\, with 
2p + q < 7. These are [2,0,2], [2,1,2], [2,2,2], [3,1,3], and [2,3,2]. We will take 
|-BPS (single trace) operators as whichever ones are allowed by group theory. Of 
the triple products of the form [p, q,p] <g> [r, s, r] <g> [0, k, 0] containing the singlet, 
most satisfy at least one of the simplifying constraints (4.36), (4.37), or (4. 38). 12 
The exceptions are [2, 0, 2] <g> [2, 0, 2] <g> [0, 2, 0] and [3, 1,3]® [3, 1, 3] <g> [0, 4, 0]. 

Correlators (0\p,q,p](x)Oip iqjP ](y) trX 2 (w)) were considered in Section 4.5.1.1, 
so the only three-point function we have to calculate is (C[3,i,3](5[3,i,3] tr X 2+2 ). 
Explicitly, we can choose the [3,1,3] scalar composite operators 13 as 

O x = Y.CiO v O y = Y.C\p 3 with 3 ~\z\z\z z l (4.39) 

3=1 3=1 

O w ~ \z\zW - SO (6) traces. (4.40) 

The free combinatorial factor for this three-point function is then 

«free = ^ji^^ (1895^^ - 4860(^67^ - 

4860C 1 C 2 iV - 131220C^C 2 iV - 131220C 2 q)iV + 
360ClClN 2 + lSSOOC^iV 2 - 79380C 2 C 2 N 2 - 

j, y x y x y 

22680C 3 C 2 iV 2 - 22680C 2 C 3 iV 2 + 5184C 3 CjiV 2 + 
13500C°:C,tiV 2 - 30780C^C ? t/V 2 + 2700C 2 C 1 /V 3 - 

j, y x y x y 

270C 3 C 1 iV 3 + 2700C X C 2 N 3 + 43740C^ 2 iV 3 - 
270C 1 C 3 iV 3 - 9720C*C*N 3 + 43740C 2 C^iV 3 - 
9720C 3 T CtN 3 - llhClClN 4 - 2760CtClN A + 

x y x y x y 



12 We omit the tedious details here. In order to find the allowed triple products, we used the 
method of BZ triangles, see Appendix 4.9.1. Then we just went through the list and checked if 
any of the conditions (4.36-4.38) applied. 

13 d,...,4 were discussed in Chapter 2. They are written out explicitly in Section 2.6. 
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13500C 2 C 2 iV 4 + 4410C 3 C 2 iV 4 + U10C 2 X C^N 4 - 
1332C 3 C 3 7V 4 - 2760C^^ 4 + 13680C 4 C 4 iV 4 - 
450C 2 x ClN 5 + 240C 3 x ClN 5 - 450C 1 C 2 iV 5 - 
4500C 4 C 2 iV 5 + 240ClCfN 5 + 2340C 4 C?N 5 - 

x y x y x y 

4500C 2 C 4 iV 5 + 2340C 3 C 4 N 5 - lSCjCjiV 6 - 
990C 2 X C 2 N 6 - 126C^CjiV 6 - 1980C 4 C 4 7V 6 ) (4.41) 



so (O x O y O w ) 7^ in general (and when O x and O y are |-BPS, in particular). 
We have also explicitly calculated 14 the 0(g 2 ) combinatorial factor in (4.35): 



P*y = ^ 4) (-10800^ + 4320(7^- 



lOSOOCjC 2 - 259200C 4 C 2 + 4320C^Cj + 
103680C 4 Cf - 259200C 2 C 4 + 103680^C 4 - 

Jj y x y x y 

2025ClC 1 7V - 27000C 4 a 1 iV - 32400C 2 C 2 7V + 

x y x y x y 

38880C 3 CjiV + 38880C 2 CjiV - 25920C|C 3 7V - 
27000C 1 C 4 iV - 129600C 4 C 4 7V - WOC^N 2 + 
2940C 3 C 1 7V 2 - GOOC^CjiV 2 + 50400C 4 C 2 iV 2 + 
2940ClC?N 2 - 7200C 4 C 3 N 2 + 50400C 2 C 4 iV 2 - 

x y x y x y 

7200C 3 C 4 iV 2 + 175C x ClN 3 + 5400C 4 C y 1 iV 3 + 
7200ClC 2 N 3 - 7920C 3 C 2 N 3 - 7920C 2 C 3 N 3 + 
3888C 3 C 3 N 3 + 5400C 1 ,C 4 iV 3 + 28800C 4 C 4 iV 3 + 

x y x y x y 

600C 2 C^ 4 - 780C 3 ClN 4 + 600C X C 2 N 4 - 
780ClC 3 N' 1 - 2880C 4 C 3 N 4 - 2880C 3 C 4 iV 4 + 

x y x y x y 

SOG^iV 5 + 288C 3 C; 3 iV 5 ) (4.42) 



14 This calculation was done using Mathematica and took about 200 hours. The choice of 
flavors (4.39-4.40) was optimal from the computational efficiency point of view. 
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If we choose the coefficients (C X ,C 2 ,C X ,C X ) and (Cy,C 2 ,Cy,Cy) independently 
from the set {(-^, 1, -jfe, 0), (^, 1)}, we recover p xy = 0. 

This corresponds to taking O x and O y as the |-BPS chiral primaries found in 
Chapters 2 and 3, so there are no 0(g 2 ) corrections in this case either. 

4.5.2 Three-point functions of |-BPS operators 

When all three operators are ^-BPS, the arguments get more tedious. We will 
chose 21 + k < 2p + q < 2r + s. The simplifications discussed in Section 4.4.2 
applicable to correlators (0\p jqtP ]0[ riStr ]0[i t k,i\) are: the extremality condition 

2r + s = 2p + q + 21 + k; (4.43) 

and the "partition into three disjoint flavors" condition, 15 

'2r + s < 2l + k + q 

< 2r + s < 2p + q + k (4.44) 
.2p + q < 2l + k + s 
(all three inequalities have to be satisfied simultaneously). For example, (4.44) 
are true when all the |-BPS operators are in the 84 = [2, 0, 2] of S77(4); take 16 

y(x) = {(tTzl)(tTzj) - (tr Zl z 2 )(tr Zl z 2 )} + {tr [z u z 2 ] 2 } , (4.45) 

y(y) = {(tr^ 2 )(tr^ 2 ) - (tr Zl z 3 )(tr Zl z 3 )} + 1 {tr [z 1: z 3 ] 2 } , (4.46) 

y(w) = {(tr4)(tr^ 2 2 ) - (trz 3 ^)(tr^)} + ^ {tr[z 3 ,z 2 ] 2 } . (4.47) 

The Born amplitude does not vanish 17 for > 2, so we can't blame the lack of 
corrections on group theory, 

(y(x) y(y) yMhre e oc (iV 2 -l)(iV 2 -4)(2iV 2 -15) (4.48) 

15 Which just says that the number of scalars exchanged between each pair of O-s is no larger 
than the length of the first column in the corresponding Young tableaux. There are three more 
inequalities, but they are satisfied trivially since we took 21 + k < 2p + q < 2r + s. 

16 As shown in Appendix 4.9.2, such operators are in fact in the 84 of SU(4:). 

17 For N < 2 there are no jj-BPS operators in the 84 of SU(4). 
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and since (y(x) y(y) y(w)) is of the form (4.15), it receives 0(g 2 ) corrections. 

Of the allowed (Oi(x)Oi(y)Oi(w)) three-point functions where each Oi is a 
scalar composite in a \p,q,p] of S77(4) with 2p + q < 7, ten more satisfy (4.43) 
or (4. 44). 18 For the remaining five correlators 

(^[2,0,2] (x)y[2,0,2]{y)y[2,2,2](w)) 
(y[2,0,2](x)y [2X 2](y)y[2,3,2](w)) 
(y[2,0,2](x)y[ 2 ,l,2](y)y[3,l,3](w)) 
(y [2,0,2] (x)y [3,1,3] (y)^[2,3,2] (w)) 

(y '[2,0,2] (X)y [3,1,3] {y)y [3,1,3] W) (4.49) 

we have to verify that there are no contributions proportional to any of the 
functions B(x, y), B(x, w), or B(y, w). In fact, with 21 + k < 2p + q < 2r + s, 

2l + k<2r + s + q and 2p + q < 2r + s + k (4.50) 

are automatically satisfied, so we can always choose the operators as 19 

y VM (x) ~ [%%4\ (4.5i) 
y[p, q , P ](y) ~ ( 4 - 52 ) 

y [r , s ,r](w) ~ K +s 4] (4-53) 

where e = |[(2Z + fc) + (2p + g) — (2r + s)] < / + k,p + g; and integers a, 6, c, <i 

partition r + s = a + c, r = b + d. Then = since the operators exchanged 

between y x and y y all have the same flavor, and we only need to calculate f3 xw 

and /3 yw . Details of these calculations are given in Appendix 4.9.3, and here we 

just quote the result: as in the cases considered so far, (3 xy = f3 xw = (3 yw = 0, and 

none of the three-point functions (4.49) receive any 0(g 2 ) corrections. 

18 We used the method of BZ triangles (see Appendix 4.9.1) to find the allowed triple products. 

19 This choice of flavors was motivated by computational efficiency; our Mathematica calcu- 
lations took more computer time with other flavor breakdowns. 
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4.6 (OiOiOi) correlators in the large N limit 



Like the two-point functions studied in Chapters 2 and 3, (O x O y O w ) calculations 
get progressively more cumbersome as the representations of the O-s become 
larger. In this Section we will calculate correlators of two ^-BPS operators with 
one |-BPS operator, in the large N limit. The situation when all three operators 
are |-BPS is even less tractable, and we avoid it here. 



4.6.1 Large N operators 

We will use the |-BPS operators found in Chapters 2 and 3. Schematically, the 
special double and single trace operators can be written as 



O 



\p,q,p] 



V 



(4.54) 



p ' \ V 

(each continuous group of boxes stands for an SU(N) trace); explicit formulae 
for highest SU(A) weight operators of this form are given in Chapter 2, Section 
2.7.1. In the large N limit the linear combinations 



y\p,q,p] = £\p,q,p] + 0(N 2 ) 

v - n _p(p±q) 



/C MlP] + 0(N~ 2 ) 



(4.55) 
(4.56) 



are eigenstates of the dilatations operator. 3^[p, g , P ] have protected normalization 
and scaling dimension (A y = 2p + q) at order g 2 , and were argued to be |-BPS. 

We did not specify the SU(A) weights of operators <9[p, g ,p] and /C[p, 9 ,p] in (4.54). 
The choice of weights will depend on the representations in the triple product 
[p, q, p] <S> [r, s, r] <S> [0, k, 0] in the following way. Assume p < r; then it is convenient 



99 



to choose 20 

3W](aO ~ [444] (4-57) 

y[r,s,r](y) ~ [4*44] (4.58) 

O [0A0] (w) ~ [4] (4.59) 

with / = §[(2p + g) + /c — (2r + s)], m = A; — I and n = p + q — I. We will also 
assume that none of the simplifications (4.36-4.38) apply, since those cases were 
already discussed in Section 4.5.1.2. 

4.6.2 (/C/C0i)free, (/C<m) free , (C/CCi) free , and (OOOi) free 

We can estimate the leading large N behavior of the combinatorial factors af rec 
and p xy using the "trace merging formula" 

2 (tr At c ) (tr t c B) =tiAB-± (tr A) (tr B) (4.60) 

where A and -B are arbitrary N x N matrices and t c are SU(N) generators in 
the fundamental (sums on repeated indices are implied). With (4.60) and the 
expression for the quadratic Casimir 21 

T r c T r c = C 2 (r) 1 (4.61) 

of SU(N), we find for example that for k > 2, 

/N\ k r i 

(trt ai t a2 ...t ak )(trt ak ...t a2 t ai ) = ( — ) [l + C(l/A^ 2 )] (4.62) 

To have this large N behavior, generators in the two traces should appear in 
opposite order. When the generators are taken in any other order (except cyclic 

permutations inside the traces), such products are suppressed at least by 1/N 2 . 

20 With this choice of flavors, the manipulations of the following Sections are a simple gener- 
alization of the arguments of Section 2.7 of Chapter 2. 

21 For the adjoint and fundamental representations, C2(adj) = N, C*2(fund) = ( ^4 ), 
C(adj) = N, C(fund) = \. See Section 2.9.2 for more details. 
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Calculations proceed along the same lines as in Chapter 2. We begin by 
considering correlators of the form (OOOi) with the two O-s in the same repre- 
sentation \p,q,p\. The leading contribution to af ree comes from terms like 

(tr t a \ ..t ai t bl . ..t bn ) (tr t c \ . .t Cp ) (tr t dl . . .t dl t bn . ..t bl ) (tr t Cp . . .t Cl ) (tr t a \ ..t ai t dl . ..t dl ) 

1\ 2 /jv\ 2 ^ 2+n /N\ p /1\ /jV\ 2H ~ n+p_1 
-) n(-) x - = - - (4.63) 



.2) V 2 ) V 2 

The factor of (§) 2 comes about because we merge traces twice; the exponent 
21 + n — 2 counts how many generators collapse using t c t c ~ \N\\ the extra 
factor of N is due to trl = N; and finally (N/2) p is from contracting the traces 
of equal length containing the t Ci -s. All remaining calculations of this and next 
Sections are analogous, and we won't spell things out as much. 

If the representations of [p,q,p] and [r, s,r] are different, a similar situation 
occurs when for example p = r + s, i.e. (9[p,g, p ] and 0[ r ,s,r] contain traces of equal 
length. Then we merge traces twice, and one set of traces collapses completely 
as in (4.62). Otherwise, we have to merge traces three times, so the leading 
contributions to (OOOi)f Tee are of the form 

(tr t ai . ..t ai t bl . ..t K ) (tr t c \ . .t c " ) (tr t d \ . .t dm t K . ..) (tr. . .t bl t c K ..t Cl ) (tr t a \ . .t ai t dm . ..t dl ) 
f jy^p+i+m+n-i if p = r or p + q = r + s 



1\ 3 / N\ p+'+ m + ra_3 

) otherwise (4.64) 



2/ V 2 / or p_ r _|_ sorr _ p+q 

For the other three types of correlators, no pair of traces ever collapses com- 
pletely, so the answers are more uniform. We find that the large iV behavior of 
(OX>i)f ree is defined by terms like 



(tr t ai . ..t ai t bl . . .t bn t ci ...t Cp ) (tr t dl . . .t dm t bn . . .t bl t Cp ...t Cl ) (tr t a ' ...t ai t dm . . .t dl ) 
~2) N= \2){j) 



in 2 , at x p+l+m+n-2 , i s , iys p+l+m+n-1 

N =(«)U) ( 4 - 65 ) 
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as we merge traces twice. Similarly, ((9/C(9i)f ree scales as the terms 

(tr t ai ...t a ' t bl ...t b ") (tr t Cl ...t Cp ) (tr t dl ...t dm t bn ...t bl t Cp ...t Cl ) (tr t a ' ...t ai t dm ...t dl ) 

-n 2 , jys p+l+m+n-2 

1 ' ' 1 (4.66) 



,2) \2 

since traces have to be merged three times now. The three-point functions 
(/CCOi)f ree also have the leading large N dependence (4.66). 

4.6.3 (/C/CCi) 9 2, (/CCCi) 9 2, (C/CCi) 9 2, and (OOOi) g 2 

Here there are no special cases to consider. We have to merge traces twice for 
(/C/CCi) 9 2, three times for {K,OO h ) g 2 or (0/CCX) g 2, and four times for {OOOi) g i. 
The leading behavior of the j3 xy combinatorial coefficient for the three-point func- 
tions {K,K.Oi) g 2 is the same as for terms of the form 

(trt ai ...t ai t bl ...t K - 1 [t Cl ,t s ]t Cl ...t c ") (trt dl ...t dm t Cp ..t C2 [t K ,t s ]t bn ...t bl ) (trt ai ...t ai t dm ...t dl ) 

-J ( — ) (tTt b K..t bn - i [t c \t s ]t c K.rn Cp ..r 2 [t K ,t s }t K ...t bi ) 

-J (^ y J (tr^T^Vl^) 

,2) (t) (467) 

which give the leading large N contributions to it. In the same fashion, the most 
significant terms in the correlators {OJCOi) g 2 are 

(tr t a }..t ai t b \ i 6 "- 1 [t Cl , t s ] ) (tr t c }..t Cp ) (tr t d \ .t dm t c F. .t° 2 [t bn , t s ]t b ?. .t bl ) (tr t a .'..t ai t d ™. .t dl ) 

) ~ (KOO,) g 2 (4.68) 



,2/ V2/ 

while (OOO i) g 2 gets its leading iV behavior from terms like 

(tr t ai . . .t ai t bl . . [t Cl , t s ] ) (tr t Cl ...t Cp ) (tr t dl . . .t dm t Cp . . .) (tr . . .t° 2 [t bn , t s ]t bn ...t bl ) 
x(trt ai ...t ai t dm ...t dl ) 

i) (2) < 4 ' 69 > 



102 



4.6.4 (OiOiOi) correlators are protected 

With just a little more work, we can find the ratios of the 0(g 2 ) corrections 
to the three-point functions (OOOi) g 2, (OJCOi) g 2, (ICOOi)^, and (/C/COi)^. 
The argument proceeds along the same lines as in Chapter 2. Given a term 
with generators in a particular order, contributing to (/C/C(9i) fl 2, such as the one 
shown in (4.67), we know that a term with the same order of generators also gives 
a leading contribution to (OK.Oi) g 2 as in (4.68). However, cyclic permutations 
within the two traces (of length p and p + q) of O, also contribute to (OJCOi) g 2 
in the same amount as the term (4.68). Therefore, 

(OJCO^/iJCKO^ = + 0(N- 3 ) ee (3 (4.70) 

In the same fashion 

{KOO h ) g 2j{KKO^ g 2 = r ±±A + 0(N-*)=(3', (4.71) 
(OOO h ) g 2/{K,OO h ) g 2 = P^±ti + 0(N- 3 ). (4.72) 

Next consider the Born level correlators of Section 4.6.2. When a pair of 
traces collapses completely (see equations 4.64-4.66), we get 

CVb^IwA)**. ~ (°°Oi)iree ~ N P+l+m+n ~ l (4.73) 

Otherwise, the contributions add up to 

{OOO h ) hee -P(KOO h ) hce -p\OKO h ) hee +^'{lClCO h ) hcc ~ N p+l+m+n ~ 3 (4.74) 

The terms in (4.74) are all of the same order and do not cancel. The factors of (3 
and P' discussed above are still present, but there are other complications. First, 
the string of t c -s can be inserted anywhere in the third trace in (4.64), and cyclic 
permutations of the t b -s in the same trace give terms of the same order in N. 
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This results in an extra factor of (r — p) 2 . Second, different terms in the sum over 
antisymmetrizations (as in equation (2.52), for example) contribute differently. 
The combinatorics is more involved, and we do not discuss this case in detail. 

Bringing everything together, we see that the order g 2 corrections to the 
three-point function of the BPS operators in the large N limit add up to 

(iJWMwA)* 2 <x (2) IT) B(x,y)N 



t 

I ~P \ 

x 



P\ fl + 0(N- 2 ) p' 
P 




1\ / N\ P+ l + m + n - 1 

-)(-) B(x,y)NxO(N~*) (4.75) 

A comparison of (4.75) with (4.73) or (4.74) shows that order g 2 corrections to 
three-point functions of one |-BPS operator with two |-BPS operators vanish in 
the large N limit, within working precision. 



4.7 Supergravity considerations 

In the AdS/CFT correspondence, there is a duality mapping single trace |-BPS 
primary operators tr X k of the SYM theory onto canonical supergravity fields, 
[1]. Given a set of such |-BPS primary operators, one can compute their two- and 
three-point functions in SYM. Two-point functions define the normalization of 
operators, and three-point functions probe the interactions between them. Inde- 
pendently, both the normalization of the SUGRA fields as well as their couplings, 
can be read off from the supergravity action (or supergravity equations of mo- 
tion), [2]. So as a check of the AdS/CFT correspondence, one can compare the 
unambiguously defined three- and higher n-point functions of normalized |-BPS 
operators in SYM, with the correlators of the corresponding elementary excita- 
tions in supergravity, [2, 12, 17, 50]. 
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We would like to proceed, in the same spirit, with the |-BPS chiral primaries 
of the Af—A Super Yang Mills. We argued that these two- and three-point func- 
tions are independent of the SYM coupling constant (at least to order g 2 ), so it is 
reasonable to expect these correlators to agree with their dual AdS description. 
However, multiple trace operators do not correspond to any of the fields appear- 
ing in the supergravity action, so the discussion will be different than in the case 
of the previously studied |-BPS primary operators trX fc . 

4.7.1 OPE definition of \-BPS chiral primaries 

One of the ways to see ^-BPS chiral primaries is to consider higher n-point corre- 
lators of |-BPS operators. For example, four-point functions of [0,2,0] operators 
reveal a pole corresponding to the exchange of a [2,0,2] operator with a protected 
dimension A = 4, [7]. In general, the |-BPS primaries y\p >q , p ] show up in 

(trX^(x)trX p (x + e) tr X^ p+q \y) trX p {w)) (4.76) 

in the limit e — > 0, as the [p, q,p\ operators with the threshold value of scaling 
dimension A = 2p + q = dim[tr X^ +g ^] + dim[trX p ]. In other words, |-BPS chiral 
primaries can be defined by the OPE-s of |-BPS operators as 

lim tr X^ (x) tr X p {x + e)l = V c,yf' q ' p] (x) (4.77) 



jyA=2p+q 

\p,g,p] 



Here, Vy qp \ projects onto the \p,q,p] representation of S77(4), and eliminates 
operators with scaling dimension other than A (e.g. the non-chiral descendants 
with the same SU(4) quantum numbers). Singular terms normally subtracted 
from an OPE such as (4.77), are automatically removed by applying V^~ q 2 p^ q . 

On the other hand, one can see by calculating three-point correlators that all 
i-BPS primary operators yf' Q ' p ^ are present in the OPE (4.77). It appears that 
for general N, there is no canonical definition of the special y\p, q , p } that is a linear 
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combination of the single and double-trace scalar composite [p, q,p] operators 
only. However, this y\p, q , p ] dominates in the N — > oo limit. For large N, all other 
terms in the right hand side of (4.77) are suppressed by at least a factor of 1/iV, 
and the predominantly double-trace ^-BPS chiral primary operator 



y [p , q , p] = , ' + 0(1/N) (4.78) 



p 

is uniquely defined by the OPE of |-BPS primaries. 

When translated into the SUGRA language, the definition (4.77) implies that 
i-BPS primary operators of SYM should be thought of as threshold bound states 
of elementary SUGRA excitations. A threshold bound state is a state whose mass 
is precisely equal to the sum of the masses of all its constituents, and thus occurs 
at the lower end of the spectrum. Any bound state of BPS states which is itself 
BPS is automatically a threshold bound state. A familiar example is provided by 
an assembly of like sign charged Prasad- Sommerfield magnetic monopoles, whose 
classical static solution forms a threshold bound state of monopole constituents. 

4.7.2 (£>i CM and (OiCXOi) correlators 

We are now going to illustrate the consistency of this dictionary. Specifically, we 
will look at two- and three-point functions involving |- and |-BPS operators in 
the large N limit, in J\f=4 SYM. Then we will compare these correlators with 
their dual supergravity description. 

The normalization of \- and |-BPS operators comes from their two-point 
functions, whose leading large N behavior was found in Chapter 2 (also see [2]): 

(trX«(s)trX«(i/)> ~ (4.79) 

r i JV^P+l) 

_ y y(2p+q) ( 4 - 80 ) 
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times some iV-independent factors which we omit. 

The simplest three point functions involving \- and ^-BPS operators are of 
the form (Oi(x)0'i(y)Oi(w)). If the SU(N) traces collapse completely (in which 
case (OiO'iOi) are extremal), the normalized three point-functions are then 

7wm L=( tl X^ (x ) UX>(y) JV^M) ~ 1 (4.81) 

from a field theory calculation; the space-time coordinate dependence is fixed 
by conformal invariance, so we will not exhibit it anymore. If the traces do 
not collapse completely, the correlator is suppressed by 1/N 2 (see the discussion 
around equations (4.63-4.64) of Section 4.6), and 

1 =(trX^ k+l \x) trX k {y) y lpq Jw)) ~ (4.82) 

whenever k ^ p of I ^ q. All this matches nicely with the corresponding super- 
gravity diagrams: 

(a) O (b) O (c) O 






O (4.83) 
Leading AdS diagrams for (a) equation (4.80); (b) equation (4.81); 
(c) equation (4.82). Each cubic bulk interaction vertex goes like 1/N. 

We denoted |-BPS primaries by "•"; and the predominantly double trace |-BPS 
primaries which arise from bringing two |-BPS operators together by "{} ". 

There are also AdS diagrams with quartic interactions in the bulk, which have 
the same large N dependence as (4.83c); we will not show these. 
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4.7.3 (OiO[Oi) correlators 

Other three point functions involving |-BPS as well as |-BPS operators can 
be analyzed similarly. Whenever traces of the SYM operators do not collapse 
completely, the supergravity counterparts of such correlators have extra bulk 
interaction vertices. The leading dependence of such correlators is then sup- 
pressed by the corresponding power oll/N. For example, correlators of the form 
(Oi (x)0[ (y)Oi (w)), discussed in Section 4.6, behave like 

1/N (a) if one pair of traces 



v /j\r(2p+g)+(2r+s)+fc 



(y\p,q,p]y[r,s,r]teX k ) 



collapses completely 
1/N 3 (b) otherwise 



(4.84) 



From the AdS point of view, this difference is explained by the following diagrams 

w C V — \ Q cb) 0^—^.0 



(4.85) 





AdS description of equation (4.84). 



4.7.4 (GiO'iO'I) correlators 

X 4 4 4' 

Similar arguments show that when all operators are |-BPS, the normalized three- 
point functions are 

1 fa) if all traces 



1 



yj N( 2 P+q)+ (2r+s)H2l+k) ( y \P^P] y ir,s,r]y[l,k,l]) ~ < 



collapse pairwise 
1/N 2 (b) if only one pair 
of traces collapses 
s 1/N 4 (c) otherwise 



(4.86) 
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and the corresponding AdS diagrams 




(4.87) 



AdS description of equation (4.86). 



show the correct leading large N behavior. 

4.7.5 Detailed agreement between SYM and AdS 

Unlike the |-BPS calculations (e.g. [2]), this study does not provide a new inde- 
pendent check or application of the AdS/CFT correspondence. On the one hand, 
the definition of the predominantly double-trace |-BPS operators in the SYM 
theory (in the large N limit) is based on the OPE of |-BPS primaries. On the 
other hand, AdS correlators of the duals of the |-BPS operators (bound states 
of elementary SUGRA excitations) are defined by the corresponding correlators 
of primary supergravity fields. Therefore, SYM correlators involving ^-BPS op- 
erators agree by construction with their SUGRA counterparts. 

This is especially clear in the cases show in diagrams (4.83a,b), (4.85a), and 
(4.87a). To leading order in N, these two- and three-point functions of |-BPS 
scalar composite operators are expressed in terms of the previously studied two- 
and three-point functions of |-BPS chiral primary operators. 

4.8 Conjectures 

Let us summarize what has been done so far. First, ^-BPS primary operators 
were identified in Chapters 2 and 3: for general representations [p, q,p\ in the 
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large N limit; and for general N in the case when 2p + q < 7. Second, three-point 
functions involving |-BPS operators as well as several infinite families of |-BPS 
operators were considered in this Chapter, also for arbitrary N. It was found that 
there are no 0(g 2 ) corrections to such correlators. Next, all three-point functions 
involving the —BPS primaries with 2p + q < 7 were computed for general N, and 
were shown to be protected at order g 2 . In the large N approximation, three point 
functions involving two |-BPS primaries and one |-BPS primary were shown to 
receive no 0(g 2 ) corrections, for general representations of the operators involved. 
Finally, we presented AdS considerations which reproduced many features of the 
CFT two- and three-point functions in the large N limit. 

Collecting the non-renormalization effects established above generates strong 
evidence for a number of natural conjectures, which we now state: 

(1) We conjecture that on the CFT side, for every [p,q,p] representation of 
577(4) and arbitrary N, there are |-BPS chiral primaries. Within each \p,q,p], 
one of these operators is a linear combination of double and single trace scalar 
composites only; the other |-BPS chiral primaries in [p, q,p] also involve operators 
with higher numbers of traces. 

(2) We speculate that two-point functions of |-BPS operators, as well as 
three-point functions involving |-BPS and ^-BPS operators, do not depend on 
the coupling g 2 of W=4 SYM. This non-renormalization also persist for all N, 
and is not just a large N approximation. 

(3) One of the group theory arguments of Section 4.4.2, and the analysis of 
Section 4.6, generalize straightforwardly to extremal correlators, i.e. (n+ l)-point 
functions of the form (O (x )O 1 (x 1 )...O n (x n )) with A = A 1 + ... + A n . So do 
the AdS considerations of Section 4.7. Therefore, we conjecture that arbitrary 
extremal correlators of ~ and ^-BPS chiral primaries are also protected. 



110 



4.9 Appendix 



4.9.1 \p, q,p] <S> [r, s, r] ® [0, fc, 0] and BZ triangles 

Tensoring irreducible representations using Young tableaux can get quite tedious. 
Berenstein-Zelevinsky (BZ) triangles [66] provide a powerful way to calculate the 
multiplicity of the scalar representation 22 in A <g) /i <g) v. We will discuss the 
construction for SU(3) and 577(4), the generalization to higher SU(N) (but not 
to other Lie algebras, which is not currently known) being straightforward. 

For £77(3), the triangles are constructed according to the following rules: 

n 12 h3 , , 

(4- 

m 23 m 12 



l\2 n 23 I 



13 



where the nine no n- negative integers kj, rriij, are related to the Dynkin labels 
(^i) A2), (a*i, ^2)1 iy\i V2) of the highest weights of the three representations by 



m 13 + n 12 = Ai rii 3 + / i2 = /ii h 3 + m 12 = v\ 
m 23 + n 13 = A 2 n 23 + l 13 = /i 2 ^23 + "ii3 = ^2 

They must further satisfy the so-called hexagon conditions 



(4.89) 



ni2 + m 23 = m 12 + n 23 

I12 + m 23 = m 12 + l 23 {4.90) 
I12 + n 23 = n 12 + I23 

This means that the length of opposite sides in the hexagon formed by n\ 2l I23, 
™>i2, n 23 , I12, and m 23 in (4.88) are equal, the length of a segment being the sum 
of its two vertices. 



22 It is conventional to choose v* instead of v for the third weight. 
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The number of such triangles gives the multiplicity M\^ v \ if it is not possible 
to construct such a triangle, v* does not occur in the tensor product A <S> 

The integers in the BZ triangles have the following origin. Each pair of indices 
ij, i < j, on the labels of the triangle is related to a positive root of £77(3). For 
SU(N), positive roots can be written as 6j — ej, 1 < i < j < N, in terms of 
ortho normal vectors q in R^. 

The triangle encodes three sums of positive roots: 

H + v - X* = J2i<j hj(ci ~ €j) 

v + A - // = Ei<j rriijiei - e 3 ) (4.91) 

X + fl — U* — J2i<j Uife - €j) 

The hexagon relations (4.90) can be seen as consistency conditions for these three 
expansions. 

For £C/(4), the BZ triangles are defined in a similar way, in terms of 

777,14 

n-12 ^34 
m 2 A 77713 

(4.92) 

n\3 I23 n 23 h± 

m 34 m 23 77712 

77i4 l\2 7724 ^13 ^34 l\4 

eighteen non-negative integers, related to the Dynkin labels by 

"7l4 + 72-12 = Ai 77i4 + l l2 = jJ>l l U + ™12 = 

^24 + ™13 = A 2 n 24 + ^13 = ^2 k4 + ^13 = ^2 (4.93) 
m 34 + 77i4 = A3 n 34 + Z14 = /i 3 Z34 + 777i4 = ^3 
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Furthermore, an 577(4) BZ triangle has three hexagons 23 

n-12 + m 24 = m 13 + n 23 n 13 + l 23 = In + n 2A hi + n 23 = I13 + n u 

ni2 + ^34 = I23 + n 23 n 13 + m 34 = n 24 + m 23 n 23 + m 23 = m 12 + n 3A 

m 2A + l 23 = Z 34 + m 13 m u + l 12 = l 23 + m 23 l 13 + m 23 = l 24 + m l2 

(4.94) 

As an application, consider v = [0, k, 0] C [p, q, p] <g> [r, s, r] = A <g) /J, of SU (4); 
here all representations are self-conjugate. The restrictions on the 1^, rriij, 
(these integers must all be non-negative) imply that the entries of the BZ triangle 
are actually 



TO12 : 


— ^34 


= 0, 




"12 


= P, 




™23 


= n u , 




™34 


= r, 


^23 — 


m 34 


= P~n 14 , 


h2 = 


m 23 


= r - nu, 




/l3 


= ±(s + k- {2p + q) +2n u ), 




m 2A 


= 5(5 + k - (2r + s) + 2n u ), 




ni 3 


= 5(9- A; + (2r + s) - 2n 14 ), 




n 2A 


= ±(s-k + (2p + q)-2n 14 ), 






= 1 2 ((2p + q) + k-(2r + s)), 




I24 


= \{{2r + s) + k- (2p + q)). 



(4.95) 

All entries thus depend on a single parameter n 44 which is subject to restrictions 

< ni4 < p, r, \(p+r — fc); plus we get further constraints A; > \(2p+q) — (2r+s)\, 

23 The SU(N) generalization is straightforward; the BZ triangles are built out of three corner 
vertices and ^(N — 1)(N — 2) hexagons. 
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p + q > r, and r + s > p, etc. 

Now, recall that SO (6) ~ SU(A), and all our operators are in fact made of 
the scalars (f) 1 (I = 1, 6) which are in the fundamental 6 of 50(6). In terms of 
the Young diagrams for 5*0(6), the representations involved are partitioned as 





m 34 


m 24 | n 13 


n 14 


m 23 


Zi 3 1 «24 


nu 


m 34 


Q 


n l4 


m 23 


S 



p 



m 34 



m 24 



m 23 



tl3 



k 



(4.96) 



An especially convenient decomposition is when the [0, k, 0] state is made up 
of say only 1-s and 2-s. In which case, by symmetry in the vertices, there will be 
no contributions proportional to C provided only two flavors are involved in the 
diagram. Unfortunately, this can be achieved only when s + q > k. 

Alternatively, we can take a [p,q,p] state made up of n u + ni34 + «^24 1- 
s and nu + "^34 + ^13 2-s; [r, s, r] state made up of nu + 1^23 + ^13 1-s and 
nu + 1^23 + ^24 2-s; [0, k, 0] state made up of m 34 + m 24 1-s and m 23 + l 13 1-s, 
minus contractions. Unlike the previous decomposition, this one works for any 
[0, k, 0] <S> [p, q,p] <8> [r, s, r] containing the singlet. 



4.9.2 Partitioning a tableau into 2 flavors 

It is often convenient to choose the operators to have only two distinct flavors. 
Here we shall see that it can always be done. 

Consider an operator in the [p, q,p] of Gl(6) made of n\ 1-s and n 2 2-s, to be 
concrete. We have the following constraints: p < n 2 ,ni < p + q. This state can 
be assigned an SU (4) weight w = ni(0, 1, 0) + n 2 (l, —1, 1) = (n 2 , n\ — n 2) n 2 ). 

Next, we project this onto the SU(3) x U(l); for example, we can choose 
1 — > 1 + 1, 2 — >2 + 2. Then w contains terms with b 1-s, n x — b 1-s, c 2-s, n 2 — c 
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2-s; these have weights w' bc = (n 2 — n\ + 2(6 — c), 2c — n 2 ) 2 ( b+c ^ ( ni+n2 ). 

To make an irrep of Gl(Q) into one of 5*0(6), we must subtract traces. Since 
traces have weight zero, contributions with n contractions instead of 1 and m 
instead of 2, are equivalent to n[ — n\ — 2n, n 2 = n 2 — 2m. They are projected 
onto u/"f = (n 2 -rii + 2(b + n) -2(c + m), 2(c + m) -n 2 ) 2(6+n+c+m) - (ni+n2) . We 
see that for fixed n\ and n 2 , k/^'™ = iff b + n = b + n, c + m = c + m. 

We are interested in having b = rii, c = n 2 , for example; then vo' nuri2 = 
(rii — n 2 ,n 2 ) ni+ri2 . In order for w'^'™ to have the same weight we must have 
rii — n > b + n = Tii, n 2 — m>c + m = n 2 , or m = n = 0; likewise, traces also 
do not contribute to the projection onto b = ni, c = 0. 

This means that [p,q,p] states of 50(6) ~ 5£/(4) which consist of ri\ of any 
(p a and n 2 of any other <p b minus various contractions, project onto states in 
irreducible representations of SU(3) x £7(1), ones containing ri\ z a -s and n 2 Zb-s 
or rii z a -s and n 2 z b -s, etc. without having to subtract any traces. 

4.9.3 Details of (ddCM calculations 

\ 4 4 4 / 

In Section 4.5.2 we needed to explicitly calculate several three-point functions 
(0[i,k,i](x)0[p^p](y)0[ rtS , r ](w)} of ^-BPS operators. The flavor breakdown is dis- 
cussed in Section 4.5.2, see equations (4.51-4.53). For the five cases of (4.49), we 
discuss the combinatorial coefficients multiplying the Born diagram, as well as 
the ones in front of B(x,w) and B(w,y). 

When operators O w are properly symmetrized, we can mark the Zi-s ex- 
changed between O w and O x separately from the Zi-s exchanged between O w 
and O y . As far as the combinatorial factors aw, f3 xw and f3 yw are concerned, the 
difference is just a multiplicative factor. This would be equivalent to calculating 
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the three-point functions with 



°\p,q, P ](y) 





(4.97) 



(4.98) 





(4.99) 



rather than (4.51-4.53) instead, 24 with the same e = \{(2l + k) + (2p + q) - (2r + 
s)\ < I + k,p + q, and integers a, b, c, <i partitioning r + s = a + c, r = b + d. This 
simplifies the calculations dramatically. 



exist in each representation, so instead we choose the operators as O w = J2j C ] w Oj 
for example (see Sections 2.4, 2.6 and 3.2 for the definitions). With O x , O y , O w 
as in (4.97-4.99), we list the representations and choices of flavors below: 



[2,0,2]$ 


§[2,0,2]$ 


$[2,2,2]: 


([ z l z 2 z 3\x 


[z^ZsUz^ziU 


(4.100) 


[2,0,2]$ 


5 [2,1,2] <5 


§[2,3,2]: 


([ziZ 2 Zs\ x 


\z\z\z^y\zxz\z\Z^\^) 


(4.101) 


[2,0,2]$ 


5 [2,1,2] $ 


5 [3, 1,3]: 




\-2-2- l r 2 2- -2i \ 
[Z\ Z 2 z 3 \ y [Z 1 Z 2 Z\ Z 2 J w 1 


(4.102) 


[2,0,2]$ 


3 [3,1,3] $ 


$[2,3,2]: 




2-3^21 fJJ ; 2l \ 
. z 2 z 3\y[ z l z 2 z l\wl 


(4.103) 


[2,0,2]$ 


§ [3,1,3] $ 


5 [3, 1,3]: 


([ z l4U z ] 


z \ z z\y\ z i z \ z }\w) 


(4.104) 



The coefficients af ree and (3 yw take a long time to compute, and are not particularly 
illuminating. For example, in the case of [2, 0, 2] $5 [3, 1, 3] $5 [3, 1, 3] we find (after 
2430 hrs of a Mathematica computation on a Pentium-Ill with 1.4MHz speed) 



24 As written in (4.99), O w is not even a [r, s,r] operator; we need to subtract SO(6) traces. 
But when calculating whether the three coefficients af re e, $xw and (3 yw are zero or not, the 
answers are the same as if we had done it properly. 



For operators in the [2,0,2] or [2,1,2] representations, we chose the |-BPS 
operator from the beginning. In the other cases, several |-BPS chiral primaries 



Cfree 



(N 2 - l)(iV 2 -4) 
1036800iV 2 



(2332800C 2 C 2 - 2332800C 2 C 4 N 



(4.105) 
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2332800C 2 C 4 AT + 10800C^^ 2 + 324000C 2 C 2 N 2 - 
492480C 2 C 3 N 2 - 492480C 2 C 3 N 2 + 114048C 3 C 3 AT 2 + 
259200C; 1 C 4 N 2 + 259200C 1 J C 4 Af 2 - 777600C 4 C 4 AT 2 - 
44100<^C 2 N 3 - 44100C 1 J C 2 N 3 - 8280C y 1 C 3 A^ 3 - 
8280C 1 J C 3 N 3 + 950400C 2 C 4 N 3 - 250560C 3 C 4 N 3 + 
950400C 2 q)iV 3 - 250560C 3 C 4 AT 3 - 5875C^^iV 4 - 
133200C 2 C 2 iV 4 + 90720C 2 C 3 N 4 + 90720C 2 C 3 iV 4 - 
22752C 3 CjiV 4 - 52800C y 1 C 4 iV 4 - 52800C 1 J C 4 AT 4 + 
396000C 4 C 4 AT 4 + 900C,JC 2 iV 5 + gOOC^C 2 ^ 5 + 
4920C*C 3 A^ 5 + 4920C^C 3 iV 5 - 100800C 2 C 4 + 
51840CjC 4 iV 5 - 100800C 2 C 4 iV 5 + 51840C 3 C 4 iV 5 + 
75C 1 j qJiV 6 + 3600C 2 C 2 AT 6 - 2880C 3 C 3 iV 6 - 
50400C 4 C 4 AT 6 ) 

Jp^(172800C , y 1 C 2 + 172800C 4 C 2 - 
69120C;C 3 - 69120C7iCj + 4147200C 2 C 4 - 
1658880C 3 C 4 + 4147200C 2 q) - 1658880C 3 C 4 + 
33450C 1 J C 1 iV - 837000C 2 C 2 iV - 79920C 2 C 3 N - 
79920C 2 CjN + 197856C 3 CjN + 457200^C 4 N + 
457200C 4 C 4 N + 2678400C 4 C 4 AT - 107700CjC£iV 2 - 
107700C 4 C 2 N 2 - 2640<^C 3 N 2 - 2640C 4 C 3 AT 2 - 
910800C 2 C 4 N 2 + 96480C 3 C 4 N 2 - 910800C 2 C 4 N 2 + 
96480C 3 C 4 Af 2 - 13175C2,CjJV 3 + 18000C 2 C 2 N 3 + 
83880CjC 3 A^ 3 + 83880C 2 C 3 N 3 - 43200C 3 C 3 N 3 - 
100800C 4 C 4 A^ 3 - lOOSOOC^C 4 ^ 3 - 597600C 4 C 4 AT 3 + 
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1500ClC 2 w N 4 + 1500C* C 2 N 4 + 9480CJC* N 4 + 
9A80C 4 W C^N 4 + 59760C*CtN 4 + 59760ClC 4 N 4 + 
UbC^N 5 - 5976CtC; 3 iV 5 ) 

In all cases (4.100-4.104), Born level correlators are nonzero for general N, 
and so are the order g 2 contributions for a random set of coefficients C ] . But 
when we set the C j to their proper values (to make O y and O w |-BPS), we 
recover correlators which are nonvanishing (af rec 7^ 0) and protected at order g 2 

Pyw 0). 
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CHAPTER 5 



Strings in the near plane wave background and 

AdS/CFT 

So far, we have been discussing the properties of supergravity modes, and the 
corresponding protected SYM operators. But we can do better than that. As 
it turns out, the GS superstring can be quantized exactly in the plane wave 
background [31, 32], which can be viewed as the Penrose limit of the AdSs x S 5 
geometry [30, 33]. The limit involves scaling both the AdS 5 radius R — > oo and 
the R-charge J ~ R 2 . One considers states with finite plane wave light cone 
energy and momentum. It was proposed by Berenstein, Maldacena and Nastase 
(BMN) [30] that such string states correspond to single trace operators in the 
gauge theory with certain phases inserted. Remarkably, the parameter controlling 
perturbative expansion of scaling dimensions of such operators is A' = gN/J 2 , 
which can be made small to allow reliable gauge theory computations. BMN were 
able to resum the diagrams weighted by powers of A' and show precise agreement 
between the scaling dimensions of SYM operators and the light cone energies 
of corresponding string states. This was further confirmed in [34, 35, 36]. The 
following development included studying string interactions both in the plane 
wave string theory and in the gauge theory [36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. 

The plane wave limit is an improvement over being able to handle only super- 
gravity states and protected operators. But we would still like to get closer to the 
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full AdS string theory. One way to gain insight is to do systematic perturbation 
theory around the plane wave limit, taking 1/R 2 as a small parameter. This ap- 
proach was tested in [47] on the AdS 3 x S* 3 background with NS-NS flux. String 
theory in this background is described by an exactly solvable SL(2) x SU(2) 
WZNW model. It was shown [47] that one can recover the exact string spectrum 
at small coupling g to the next to leading order in 1/R 2 expansion. 

In this Chapter we determine the leading order finite radius corrections to 
the string spectrum in AdS§ x S* 5 . Specifically, we carry out systematic pertur- 
bation theory around the plane wave limit, taking 1/R 2 as a small parameter. 
On the Yang Mills side, the corresponding calculation involves refining the def- 
inition of BMN operators and computing their scaling dimensions. We work at 
small string coupling g, which corresponds to computing only planar diagrams in 
the gauge theory. Furthermore, we consider only the leading non-trivial term in 
the A' expansion. The calculation of scaling dimensions in SYM then reduces to 
computing the matrix of two-point functions and its subsequent diagonalization. 
We identify the gauge theory operator which corresponds to the light cone world- 
sheet Hamiltonian, and show that its matrix elements relevant for diagonalization 
agree with the string theory results. Hence we conclude that to the accuracy we 
are working at, the scaling dimensions of gauge theory operators agree with the 
spectrum of string states in AdS 5 x S 5 . 1 

The Chapter is organized in the following way. In section 5.1 we describe how 

to quantize the string in the background which includes the 0(1/ R 2 ) corrections 

to the plane wave metric, and show how to compute the leading corrections 

to the spectrum of bosonic plane wave states. In section 5.2 we explain how 

the definition of BMN operators should be extended to include finite J effects. 
1 Related issues were also addressed in [68, 69, 70]. 
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There we also establish agreement between string and SYM results for a subset 
of matrix elements of the light cone Hamiltonian. In section 5.3 we discuss our 
results and mention possible future developments. In appendix 5.4.1 we present 
an alternative technique, based on the formalism of [67], for computing 1/R 2 
corrections in string theory. The results for physical quantities are the same as 
in section 5.1. Appendix 5.4.2 contains the tools we use in the SYM calculations. 
In appendix 5.4.3 we generalize the results of section 5.2. 



5.1 Corrections to the plane wave string spectrum 

In this section, we do perturbation theory on the worldsheet following the method 
described in [47]. We start by outlining the procedure used in [31, 32, 30] for 
deriving the leading order spectrum in the Penrose limit of AdS 5 x S 5 . The 
AdS 5 x S 5 metric is 



ds 2 = R 2 



-dt 2 coshjo + dp 2 + sinh> dtt 2 + dip 2 cos 2 6 + d6 2 + sin 2 # dQ' 2 . (5.1) 



The Penrose limit of this geometry is obtained by zooming in on the neighbor- 
hood of a lightlike geodesic circling the equator of S 5 . This is done by changing 
variables as 

X + = 1 -(t + ^), X- = \{t-^)R 2 , p= T -, e=± (5.2) 

and taking R to be large, while keeping \X ± \, r, y finite. At leading order in 1/R 2 , 
the AdS 5 x S 5 metric (5.1) reads 

ds 2 G = -AdX'dX + - (r 2 + y 2 )dX + dX + + dr { dr { + d Vi dy { . (5.3) 

Coordinates and r\ parameterize two copies of R 4 , but the 5*0(8) symmetry 
of the metric (5.3) is broken down to SO (A) x SO (A) by the RR flux 

= ^+5678 = const. (5.4) 
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We would like to quantize type IIB superstring in the background (5.3), (5.4). 
As was shown in [31, 32], the way to do this is to look at the sigma- model 
part of the GS action, and use /t-symmetry in light-cone gauge to determine the 
rest of the worldsheet action. Bosons and fermions decouple for the plane wave 
background (5.3) in light-cone gauge [31, 32]. We will only be interested in the 
bosonic part of the full superstring action. The light cone gauge is specified by 

X + = r, (5.5) 

dalaa = 0, 

det7 a/3 = -1, 

for bosonic fields; the worldsheet coordinates are r e (—00,00), a G [0,/]. The 
worldsheet metric can be written as [71] 

/ 



7 



a/3 



lar{r,a) 7^(^(1 -7^(^(7)) 



(5.6) 



In this section we consider only the y part of the theory. The r part can be 
included by noticing that (5.3) and (5.4) are invariant under y <-> r while in the 
0(1/ R 2 ) correction to the plane wave metric y and r terms come with opposite 
signs (see below). This means that to restore the r terms in the final result 
one needs to copy the y part, substitute y — > r and flip the sign in front of the 
0(1/ R 2 ) terms. This is confirmed in appendix 5.4.1, where explicit calculations 
are performed. 

In the light cone gauge (5.5) the bosonic part of the Lagrangian is 



U = — 



-27, 



4x +J2(yiVi-yiyi) 

i 

2pry- E +7^(1-7^) E y'iv'i ) - 



(5.7) 
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where we used the leading order spacetime metric (5.3). The equation of motion 
for the worldsheet metric (Virasoro constraints) are 

(*")' = \Y. Viv'i, = \ E W + M - hm] ■ (5.8) 

i i 

One can use the equation of motion for X~ and the leftover gauge freedom 
a — > a + /(r) to set 7 CTT = in (5.7) [71]. The equation of motion for the zero 
mode of X~ implies that 7 CT(J is related to the conserved light cone momentum 
V- = —ig§=- Choosing the gauge 

I = 2tvt], where r] = -\V~, (5.9) 

sets 7 CTCT = 1 at the leading order in 1/R 2 . The plane wave Hamiltonian that 
follows from (5.7) can therefore be written as 

H ° = h L da ? [^ 2pl y pl y + vm + y 'A ■ ( 5 - 10 ) 

where P % y = yijlis. The worldsheet theory of a light cone string is massive in the 
plane wave background. The fields can be expressed in terms of eigenmodes 

yi = ^^=[vn-yV], 

V z n V n 

where the r, a-dependent oscillators y\y Z n are defined as 



Vn = <e n , y f ? = < T e * , (5.12) 
and the frequencies are given by 



w n = yjr t 2 + n 2 . (5.13) 

Substituting the field expansions into (5.10) diagonalizes the plane wave Hamil- 
tonian 

H = -J2wnK, (5.14) 

^1 i,n 



123 



where = y l ^y l n . The normal ordering constant cancels between bosons and 
fermions by virtue of spacetime supersymmetry, so we do not include it in (5.14). 
The leading terms in the expansion of H in powers of 1/rf are 

H °=l K+ ^V K+ °{^- (5 - 15) 

In addition, we have the level matching condition 

E^ = °- ( 5 - 16 ) 

i,n 

To compute 0(1/ R 2 ) corrections to the string spectrum in the plane wave 
background, one would add the 0(1/ R 2 ) correction ds\ to the leading metric 
dsl, write down the bosonic part of the light cone Lagrangian, and then use n- 
symmetry to write the full GS action. Subsequently the system can be quantized 
perturbatively in 1/R 2 . Expanding (5.1) to next to leading order in 1/R 2 we have 



dsl = h 



-2dX~dX + (r 2 - y 2 ) - ^(r 4 - y 4 )dX + dX + + ^(r 4 dn 3 2 - y 4 d% 



l -(r 4 -y 4 )dX+dX++ l - [ 

(5.17) 



The bosonic part of the 0(1/ R 2 ) Lagrangian is therefore quartic in the fields. 
The leading form of the /t-symmetry then implies that the fermionic part of the 
0(1/ R 2 ) GS action is at most bi-quadratic in bosons and fermions. We are 
considering corrections to the spectrum of bosonic states, so the fermionic part 
of the action can only contribute diagonal matrix elements of the type 

i^]T/K)AP, (5.18) 

n i,n 

where f(w n ) is some function. Fixing the exact form of f(w n ) in (5.18) requires 
dealing with the 0(1/ R 2 ) fermionic part of the superstring action. This we have 
not bothered to do. We also drop all terms that are due to the normal ordering 
of bosonic operators in all subsequent calculations. 
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Using the identities dyidyi = dy 2 + y 2 dQ 2 and ydy = y%dyi we can write 
y A dQ!^ = yiyidyjdyj — yiyjdyidyj and deduce the correction to the leading order 
Lagrangian (5.7) 



1 



AttR 2 Jo 



da 



\ Hvt-l 2 [yKyj-yj-(y'j) 2 )+yiyj(yWj-yiyj) 



(5.19) 



Terms proportional to 7^ are higher order in 1/R 2 and do not contribute to 
(5.19). As explained in [47], for the purpose of computing the leading corrections 
to the spectrum, the correction to the Hamiltonian equals minus the correction 
to the Lagrangian. 2 The correction to the plane wave Hamiltonian can therefore 
be written as 



#1 = 



4ttR 2 Jo 



da 



(5.20) 



+y i yMy' j -(^) 2 p;pt) - - E% 2 [(2^) 2 + in]) 1 - y 



h3 



where in rewriting the last term we used the Virasoro constraint [the second 
equation in (5.8)]. 

Next we expand (5.20) in modes (5.11). We are interested in first order 
corrections to the energies, so we only need to compute matrix elements of Hi 
between degenerate states. Plane wave string states are 



„<it 

t>ni 



„ifct 



\v)- 



(5.21) 



They are degenerate only if the two sets of worldsheet momenta (ni, . . .n^, . . .) 
and (n'i, . . . n' k , . . .) are permutations of one another. Thus the only relevant terms 

in Hi are of the form yky\yiy\- Diagonal contributions come from y\y$y{yfi\ they 

2 One can convince oneself that this is the case by perturbing the Lagrangian, calculating the 
canonically conjugate momenta, and keeping only terms up to 0(1/ R 2 ) in the Hamiltonian. In 
[47] the zero mode of X~ was treated separately, but one can show that this is not necessary. 
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add up to 

ttD 1 ^ ^) ( , 90 , 

The relevant off-diagonal terms are of the form y\^ y l n y 3 ^ y 3 m1 i 7^ j, m 7^ n; and 

yVvuvLvL i ¥= j- These add u p to 

ttO D v ^ TITfl . ^ ^ ^ ^ j j i t i 3 1 j \ ^ \ ^ ^ i t i t 3 3 

(5.23) 



Expanding (5.22) and (5.23) in powers of 1 / 77 we obtain 

flN wfe" w ^£" 2 «) +0 fe) (5 - 24) 



and 



H? D = ^ E n"»(^Wl4l^-yj»Wl^) (5-25) 

n 2 yVyVyiyl+0 f ' 5 



respectively. The leading I/77 term in ifj is a sum of these two expressions. 

An alternative derivation is given in appendix 5.4.1, where more details are 
provided. 



5.2 Anomalous dimensions and AdS/CFT 

We now turn to the boundary Af = 4 Super Yang-Mills theory. Our starting 
point will be the BMN operators [30] which correspond to plane wave states in 
the Penrose limit. One can still regard plane wave states as belonging to the 
Hilbert space of the full AdS$ x S 5 theory, even though they are no longer eigen- 
states of the full Hamiltonian. As explained in the previous section, departing 
from the Penrose limit corresponds to turning on perturbative corrections to the 
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plane wave Hamiltonian. Eigenstates of the full Hamiltonian can be found using 
ordinary quantum-mechanical perturbation theory. 

SYM operators which correspond to string eigenstates must have definite 
conformal dimensions. Such operators may be obtained from a complete set of 
operators by diagonalizing the matrix of their two-point functions. This proce- 
dure is analogous to the diagonalization of the string theory Hamiltonian. We 
find that the spectra computed on both sides of the correspondence match, and 
the operator defined by the matrix of two-point functions is the SYM counterpart 
of the string Hamiltonian. 

This section is organized as follows. In section 5.2.1 we define operators that 
correspond to plane wave states away from the strict Penrose limit. In section 
5.2.2 we show how the matrix of two-point functions is related to the string 
Hamiltonian. In section 5.2.3 we match the matrix elements of the light cone 
Hamiltonian between the string and the gauge theory. We analyze a simple case 
where all of the excited modes have distinct 5*0(4) indices and none of them 
is excited more than once. The most general case is treated in appendix 5.4.3. 
Feynman rules are discussed in appendix 5.4.2. 



5.2.1 Operators 

The important assumption that we start with is that suitably refined BMN op- 
erators continue to correspond to plane wave states, regarded as states in the 
Hilbert space of AdSs x S 5 , even away from the plane wave limit. To define 
the right operators we will follow closely the logic of BMN. We start with the 
operator which corresponds to the light cone vacuum 

-l=tr[^] <-> \ V ), (5.26) 
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where z = 4|(0 5 + i<P & ) and Q is a normalization constant (more about this 
below). For the ground state (5.26) there is a relation J = R 2 i], but this gets 
modified by 0(1/ R 2 ) terms for excited states. 

SYM operators which correspond to states with excited zero modes can be 
generated by acting on the light cone ground state (5.26) with generators of 
the global symmetry group. The generators that we will be interested in are 
rotations in ij plane, denoted by T^- and their combinations T iz = ^75(^5 + iT i6 ) 
and = ^75(^5 — 2T i6 ). They act on the fields as 

[T iz ,z] = 0, [T iz ,z] = </>', [T ig ,P] = -z8 3 i , (5.27) 
[T ig ,z] = <f>\ [T lz ,z} = 0, [T is ,<P] = -z6 3 i . 

On the worldsheet we have a correspondence 

T ig ~yi T ig ~ytf. (5.28) 

Consider as an example the operator corresponding to the state ytfytf\T)), i ^ j. 
It is obtained by computing successive commutators of T iz and Tj Z with (5.26). 
Either of these generators can turn any z in the string of z-s into 0* or (fp respec- 
tively. The result is therefore the sum of tr [z, . . .<p l z . . . (fp ' z . . .] over all possible 
positions of inserted 0's: 

<-> y'Mlv)- (5-29) 

This formula has an obvious generalization for higher number of <fi insertions, as 
long as no label appears more than once. If some of the 0's indices do coincide, 
T iz can act on the same field. In this case, z is first turned into (f>\ and then into 
—z. For example, in the case of two insertions we have 

-j= ( 2 £ £ tr [z a f z b ~ a <j> 1 z J ' h ] - £ tr [z a z z J+1 - a }) ^ y^\rj) . 

V" \ a=0b=a a=0 J 

(5.30) 



1 



.a=0 b=a 



>* z b - a dP z J ~ b ] + 



j) 
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To construct an operator with three 0's with the same index inserted, one should 
act by Tiz on both terms in (5.30) to produce 

-i=(Xti- -....,/...,/...,/...; 3» :...,/...:...;) - vMvtfhh 

(5.31) 

where dots stand for a bunch of z's and the sum is over all possible positions 
of the insertions. The second sum in (5.31) has J + 1 times fewer terms than 
the first sum, and is subleading when it comes to computing two-point functions. 
Throughout this discussion we are interested in the subleading corrections in 
1/J ~ 1/^-R 2 , and therefore we should keep this term. If we act with T iz - one 
more time, a term 3 tr [z . . . z . . . z . . .] appears when T,- a hits the <p % in the second 
sum in (5.31). This piece is 0(1/ J 2 ) compared to the leading term, so we can 
drop it. 

In general, when an arbitrary number of zero modes excited, the corresponding 
SYM operator is 

O = O-O*, (5.32) 
° = ^=5>[z...^...^...], (5.33) 

a = -j= £ to[z. .. P 1 . .. <?>... ft*. ..&<...z...], (5.34) 

V (p,q):ip=i q 

where Jp stands for <p' lp being omitted from the string of operators and the sum 
in O* runs over all possible pairs of ((f)' lp , (f)' lq ) with the same indices. When writing 
(5.32), we omitted terms which appear when hits the same field more than 
twice, as such are 0(1/ J 2 ). When all 0's inserted have different flavors, the 
operator O* vanishes and we have O — O. 

Next we turn to the construction of operators which correspond to general 
string states (5.21). Such operators must satisfy a few necessary requirements. 
First, if only the zero modes are excited, they must reduce to the BPS operators 
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described. Second, they must vanish unless the level matching condition 

£niV*=0, (5.35) 

i,n 

is satisfied. Finally, our operators must reduce to the BMN operators as J — > oo. 
Suppose there is a total of N oscillators excited, 

N = J>, N l = J2K. (5.36) 

i n 

Due to the cyclicity of the trace, 

'" ti[z...<p h ...<p ik ..] (5.37) 



is equivalent to (J + N) other terms in (9 which are related to it by cyclic permu- 
tations. According to [30], at the leading order in the 1/J expansion, oscillators 
y\} correspond to insertions of (j) %k with the phase exp( 2 ™ fcafc ), where counts 
the number of z's to the left of this lfc . One has to be be more careful when 
1/J effects are taken into account. In order for an operator to vanish when the 
level matching condition is not satisfied, each sum over cyclically related terms 
in (5.37) must vanish separately. This happens when the phases assigned to the 
(j) %k insertions are 

< = exp brsf ) ■ (5 - 38) 

Here counts all operators appearing to the left of the (f> tk insertion, and not 
just the z-s. Similar arguments can be made to fix the form of (9*. Again, each 
cj) %k insertion comes with a phase given by (5.38). In order to satisfy the level 
matching condition we should also assign a phase q^ k + ni to z. 

To summarize, we have a correspondence which relates SYM operators and 
plane wave string states away from the strict Penrose limit 

= (6-0.) - fo>, (5-39) 
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where 



6 = ^E(ne fc Jtr[^..^...^...], (5.40) 



4 E nq^,tr[,...f.., 

* i4 (n p ,n q ):i p =i q \k^p,q / 



(5.41) 

and the phases q® k are given by (5.38). 

The normalization constant Q will be chosen so that the leading term in 1/ J 
expansion of the O(g ) two-point function is normalized to one. This leading 
term is given by the interaction-free diagrams 



Ah (kik 



(5.42) 



where the subscript n k in 0^ means that the corresponding insertion of ife in 
the string of operators comes with the phase q° k . Expression (5.42) contains only 
contractions of the same 0^ fe fe . Interaction-free diagrams with contractions of (f> l ^ k 
and with n k 7^ rii are also allowed, as long as i k = i[. Such diagrams however 
are subleading in 1/ J. 

From (5.42) we infer that 

Q = cN J+N {J +N)f2, (5.43) 

where c is an irrelevant numerical prefactor; N J+N arises from the number of 
color loops in (5.42); and (J + N) takes care of the fact that performing a cyclic 
permutation in one of the operators entering the two-point function gives an 
equivalent diagram. When no oscillators are excited more than once, there is no 
further choice of contractions and fl is equal to the number of ways N 0's can be 
distributed among J z's, (l = Y\n=i(J + n )- When there are multiple excitations 
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of the same mode, there can be N£\ inequivalent permutations of the <p l n in either 
one of the operators. This gives rise to N„\ copies of the diagram (5.42). We 
conclude that in general, 

N 

& = l[Kl\l[(J + n). (5.44) 

k n=l 

5.2.2 Two-point functions and the light cone Hamiltonian 

The light cone energy of a string state and its momentum are related to the 
anomalous dimension A and i?-charge J of the corresponding operator as follows 

H lc = -V+ =i-^ T = A-J, (5.45) 

One can find anomalous dimensions of the gauge theory operators by looking at 
two-point functions, and we are now going to explain this in detail. We will only 
consider planar diagrams. This amounts to neglecting string amplitudes of genus 
one and higher. Furthermore, we will only look at the terms in H[ c which behave 
like 



1 (R 2 \ 2a (AiigNf 



(5.47) 



v 2a y J J J2a ' 

1 J_ 2a+1 _ (AngN) a 

R2 fj 2a+l ~ R2yj ) ~ J2a+1 ' 

with a = 0, 1. 

On the string theory side, the first line in (5.47) corresponds to the truncated 
expansion in powers of l/f] 2 of the plane wave Hamiltonian Hq. The second line 
corresponds to the expansion of Hi. Terms in the two lines differ by a factor of 
1/J. On the gauge theory side this factor arises when finite J corrections are 
taken into account, which leads to the modification of BMN operators, explained 
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in section 5.2.1. The first perturbative (from the SYM point of view) correction 
to the light cone energy in (5.47) corresponds to a = 1, which implies that a = 
term in the second line of (5.47) vanishes. This is in complete accord with the 
expansion of Hi in powers of 1/rj. 

Consider a set of gauge theory operators O a labeled by a = {(ik,nk)}- We 
will be interested in the SYM operators which correspond to plane wave states 
with N worldsheet oscillators excited. Their two-point functions can be arranged 

as 

(O a (x)6p(0)) = (O a (x)6p(0)) g0 + (O a (x)dp(0)) g i+O(g 2 ) (5.48) 
= J^Jm [ T °f> ~ F ^ M/A 2 ) + G(g 2 ) . 

Here, T is a matrix of combinatorial factors which come from interaction-free di- 
agrams in (O a (x)0/3(0)) g o, while F captures the O(g) effects of SYM interactions 
in (O a (x)O[3(0)) g i. 0(g) contributions to the two point functions (5.48) come 
from diagrams of the type 

. (5.49) 



In appendix 5.4.2 we show that (5.49) is equal to 

7 = -/31og/iV ee - 9 — log/xV (5.50) 

2n 

times a numerical factor determined by the fields which go into the 4-point vertex. 

Operators O a may not have well defined scaling dimensions at order O(g); 
the same phenomenon occured in Chapters 2 and 3. To find pure operators and 
their anomalous dimensions, we need to transform to a basis of eigenstates of the 
dilatation operator. By a linear transformation, we should bring (5.48) to the 
form 

— [l - diag[{A p }] logGuV)] , (5.51) 
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where the order O(g) anomalous dimensions \ p are the eigenvalues of T F, and 
1 is a unit matrix, see Section 2.6. The matrices in (5.48) have the form 

T = 1 + ^T« + C(1/J 2 ), (5.52) 
F = F (0) + ^F (1) + 0(1/ J 2 ), (5.53) 

since the operators O a were chosen to be orthonormal at leading order, see the 
end of section 5.2.1. Hence, up to corrections that are higher order in 1/J 

x -i F = F (o) + I / F (i) _ T (i) F (o)^ + (Yjp). (5.54) 

J 

Finally, light cone energies of worldsheet states are related to the quantum 
numbers of operators in Af—4 SYM as 

A - J = N + X p . (5.55) 

In other words, N 1 + T _1 F, plays the role of the light cone Hamiltonian. In 
the next section we will show that Hi c — N = H + Hi — N is identical to T _1 F 
computed in the gauge theory [the H and Hi are given by (5.15), (5.24) and 
(5.25)]. This means that to the accuracy we are working at, the spectrum of 
eigenstates of the light cone worldsheet Hamiltonian is the same as the spectrum 
of the dilatation operator in SYM. 

5.2.3 Equality of matrix elements 

Let us now show that T _1 F and H ic — N indeed have the same matrix elements 
that are relevant for the diagonalization. In this section we consider matrix 
elements between states with all modes having distinct SO (4) indices. We also 
assume that no modes are excited more than once, N l n < 1. In appendix C we 
generalize these results to matrix elements between arbitrary plane wave states. 
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The relevant off-diagonal terms in H\ c are given by (5.25). When sandwiched 
between 

\X)=vW---vLW\Tl), (5-56) 

and 

\X')=y^ ...y^y^v), m + n, (5.57) 

with i ^ j, the off-diagonal part of the Hamiltonian (5.25) gives rise to the 
following matrix element 

(X\H° D \r) = (^pj mny/N^NiN^'NL', (5.58) 

where we expressed r\ as 

This follows from (5.45) and (5.46). The second term in the brackets gives an 
0(1/ J) correction when used in the leading order Hamiltonian (5.15). We should 
also reinstate the normal ordering term (5.18). The SYM calculations will fix it to 
be -^2-3 J2i,n n2 ^n- Combining these contributions, the diagonal matrix elements 3 
read 



{O\H +H?-N\O) = Y,n 2 K 

n 2 iVi(iV;+l) 



1 K 2 

+ j \T 



-E ™ 2 ^+E 



(5.60) 



t,],m,n i,n 

For the states considered in this subsection N % n = 1 and off-diagonal elements of 
H\ other than (5.58) vanish. 

We will also denote the SYM operators corresponding to states (5.56)-(5.57) 

by X and X' . As explained in section 5.2.1, no tr [z . . . z . . . (ff . . .] terms appear 

3 Here and below O stands for an arbitrary worldsheet state or SYM operator, for example 
X oi X' . Diagonal matrix elements are all given by the same expression. 
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as long as all i k labels distinct. That is, X* = X[ = 0, and X = X, X' = X' 



Contributions to Txx> and Too come from the diagrams similar to (5.42), 



9 

rn 



iyi 

n 



(5.61) 



K> < 



The top and bottom rows in (5.61) correspond to the two SYM operators entering 
the two-point function. Summing the phases over positions of c/>'s we obtain 



1 \ ^ ' 1 r a k r r ^m+n,m'+n'(^- 0~mm'0~nn') 

a" i.L r k ~ °mm'°nn' 



j 



+ 0(1/ J 2 ). (5.62) 



The prime on the sum in (5.62) means that we count modulo cyclic permutations, 
and we defined 

'2m(n k -n' k )\ 



r n k — Qn k Q.n' k 



cxp 



J+ N 



(5.63) 



Only r m and r n are different from one, so (5.62) can be computed by making 
use of the invariance under cyclic permutations and fixing a m = (and so r^™ = 
1). The 0(1/ J) term in (5.62) appears because the range of a n is [1, J + N — 
1] . Contributions with more than two r nk ^ 1 are suppressed by at least 1/ J 2 
compared to (5.62), so we do not need to worry about them. Comparing (5.62) 
with (5.48) and (5.52), we arrive at 



-xx 



T (l) _ n 
L X'X' — u > 



^(1) 
XX' 



-1. 



(5.64) 



We now turn to the computation of F. Consider the diagrams that contribute 
both to (X(x)X'(0)) g i and to the diagonal correlator (O(x)O(0)) g i. These are 



and 



+ 



(5.65) 



n k rni 



6 %k 



+ 



ki k 
n k 



+ (0: 



(5.66) 
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The level matching condition gives 

m + n = m + n . (5.67) 

The diagrams in (5.66) which contribute to F^ x , have rik = n[ = m, n\ = n' k = n. 
The contribution (5.65) differs from the interaction-free diagram (5.61) just by 
an overall factor 

-7 + -2). (5.68) 

Therefore, summing over possible configurations of fields gives (5.62) times (5.68), 
for a particular 0^ fc fc participating in the interaction vertex in (5.65). Since any 
one of the 0^ fc fc can be used in the interaction (5.65), this must be further summed 
over k. We find 

$m+n,m' +n' (1 $mm'$nn' j 



-7 



mm' dnn' j 



E + a* - 2 )- ( 5 - 69 ) 

J k 

This expression overcounts certain diagrams which do not appear in (5.65). More 
precisely, whenever two 0's are sitting next to each other the — line cannot 
cross or touch a z — z line, either to the left or to the right. We will deal with 
such diagrams separately. 

We can read off the 0(J°) part of F from (5.69) by using (5.48) and 7 = 
— (3 logfi 2 x 2 , 

F (0) = -/?E(^* + ^-2). (5.70) 

k 

Expanding the g's in powers oil/ J and taking the leading term gives the result 
of BMN, 

F(°) = / (0) 1, (5.71) 
/(0) = ^EK) 2 4(^) 2 En 2 K- (5.72) 
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To get (9(1/ J) corrections to this result we have to be more careful. As explained 
above, in (5.69) we overcounted the configuration of fields where two 0's appear 
next to one another in the top row of (5.65), as in (5.66): 

(e fe <---)tr[...W...] + (A;^/). (5.73) 

Now diagrams in (5.65) where (p tk (0 J! ) interacts with z — z propagator to the 
right (left) are not allowed. The value of such diagrams is 

~l(C k + Qn> ~ 2)q ni q* n[ C^-n'-n' + (*<->*) = 

-7(C + q ni - 2 qni q* n[ ) C fc+n; _ n , _ n , + (* <-> I), (5.74) 

where we used (5.67). Their contributions have to be substituted by the ones 
that appear in (5.66) instead. These are given by 

7(5n,9^j - <M<?yC fe+ni _ n , _ n , + (k <-> I). (5.75) 

The difference of (5.75) and (5.74) is the same for both diagonal (n' k = n k ,n! l = ni) 
and off-diagonal (n' k = n^n^ = n k ) cases, and equals 

l(q*n k + ~ q ni q*n k ~ l)C fe + ( k " 0- ( 5 - 76 ) 

This should be summed over a k and divided by the normalization constant fl. 
Since the number of configurations with two 0's next to each other is down by 
1/ J compared to the total number of configurations, we pick up an overall factor 
of 1/ J. Configuration which have three and more 0's next to each other are 
suppressed by even higher powers of 1/ J, and we can neglect them to the order 
we are working. 

The full result for (X(x)X'(0)) g i is given by (5.69), plus (5.76) with n k = 
m, n\ = n. Other terms in (5.66) are 0(1/ J 2 ) and are not important for us. Since 
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m! — n,n' — m for an off-diagonal element, the first term in (5.69) vanishes, and 
we have 



F< xx> - -P 



(5.77) 



E (H* + H~ 2 ) + (9m-n+9m-n-5m-9m-g^-gn+2) 
. k 

To get the corresponding off-diagonal element of the light cone Hamiltonian, we 
should add -[T (1) F (0) ]**// J to F^,/J, see (5.54). According to (5.64) and 
(5.70), such addition precisely cancels the first term in (5.77), and we find 

[T^F]^ = -^( q * m _ n+qm _ n - q * m - qm - q * n - qn+ 2). (5.78) 

Expanding the g's in powers of 1/ J, taking the leading term and substituting the 
value of f3 we arrive at 

[T^FUx, = -j (?pj mn. (5.79) 

This reproduces the string theory off-diagonal matrix element (5.58), since for 
the states we are considering TV* = 1. 

Let us now compute the diagonal terms. Now all of the diagrams in (5.66) 
contribute, (5.76) should be summed over k and added to (5.69) with m' = 
m, n' = n. This gives 

(O(x)O(0)) g i = -7E(^/+9»*- 2 ) + yyE(9»*+9n,-?n l ^-l + c.c.). (5.80) 
k ZJ k^i 

Since Too = 1, we have 

[T-^oo = -P E + Qn h - 2) + f J2(q nk +q ni - q ni -n k ~ 1 + c.c). (5.81) 
k ZJ k+i 

The first term gives (5.71) at the leading order, however the definition (5.38) 
of <j nk implies that there is a 1/ J correction to the leading term. Expanding in 
powers of 1/J and keeping terms up to 0(1/ J) one can write (5.81) as 

[^ho-U^) 2 En 2 + \(^] 2 (- E n*N* m NZ-l £ n k n) . 

(5.82) 
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Using the level matching condition (which now reads J2k n k = 0), we can write 
the last term in parenthesis as 

-\ E n ^i = x -Y, n l- ( 5 - 83 ) 

k^l:i k ^i t k 

Substituting this back into (5.82) one can see that the resulting expression is equal 
to the string theory result (5.60). In appendix 5.4.3 we generalize the results of 
this subsection to matrix elements between the generic states. 

5.3 Summary and further developments 

It has been known for some time [31, 32] that type IIB string theory is solv- 
able in the plane wave background, which can be viewed as the Penrose limit 
of AdS§ x S 5 . BMN [30] showed that the string spectrum in this background, 
can be recovered from the boundary J\f—A super Yang-Mills. Motivated by these 
results, we analyzed the properties of this correspondence when finite radius ef- 
fects are included. We found that to the leading order in 1/R 2 and A' = gN/ J 2 , 
the string theory spectrum matches the spectrum of anomalous dimensions of 
(linear combinations of) BMN operators. On the string side we have an interact- 
ing worldsheet theory, when the leading 0(1/ R 2 ) corrections to the plane wave 
metric are taken into account. Leading corrections to the string spectrum can 
then be computed with quantum mechanical perturbation theory. On the SYM 
side, departing from the Penrose limit forces one to refine the BMN operators, 
paying attention to 1/J corrections. We nevertheless assume that these refined 
operators continue to correspond to plane wave states even away from the Pen- 
rose limit. Such operators however do not have definite scaling dimensions, when 
1/J corrections are included. Finding the spectrum of scaling dimensions in SYM 
requires one to compute the matrices of two-point functions (O a Op) g o ~ T Q/ g and 
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{O a Gp) g i ~ F a p. Then, T X F is related to the light cone worldsheet Hamilto- 
nian. We find matching between the matrix elements of these operators. 

There is a number of questions raised by the results discussed here. It would 
be interesting to see if the correspondence between the operators we define in 
section 5.2.1 and plane wave states is exact and holds for arbitrary values of AdS 
radius. So far we matched the leading 1/R 2 , A' terms in matrix elements of the 
light cone Hamiltonian. We did not include the fermionic part of the superstring 
in our analysis, which led to an undefined normal ordering constant in diagonal 
matrix elements. Incorporating fermions and extending the results of [31, 32] to 
0(1/R 2 ) corrections is an interesting open problem. It would also be interesting 
to extend our analysis to higher powers of A'. This would require computing 
diagrams with multiple interactions, but perhaps one may be able to come up 
with a resummation technique similar to the one introduced in [30]. Extending 
our results to higher orders in 1/R 2 seems more difficult technically, but might 
also deserve some interest. 

Other possible extensions include studying backgrounds that are more com- 
plicated than AdSs x S 5 . Probing the strong coupling behavior of boundary 
theories with fewer supersymmetries may be of particular interest, but it remains 
to be seen how far one can go with this perturbative approach. 

5.4 Appendix 

5.4.1 An alternative worldsheet discussion 

In Section 5.1 we discussed how to do the worldsheet calculations in the spirit 
of Polchinski [71]. In this Appendix, we explain in detail how to fix the gauges 
using the method described in GSW [67]. We find the same results for physical 
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quantities as in Section 5.1. 



5.4.1.1 Penrose limit of AdS^, x S 5 



Before fixing any gauges, the bosonic part of the worldsheet action is 



(5.84) 



where the induced metric on the worldsheet is G a b = d a X^dbX u G^ u . Using 
reparametrization invariance and Weyl invariance, we can bring the worldsheet 
metric to the form 

-1 0' 
1 

in (r, a) coordinates. The leading order target space metric (5.3) is 



lab = Vab 



(5.85) 



ds 2 Q = -AdX~dX + - (r 2 + y 2 )dX + dX + + dXj dXi 



(5.86) 



/ = 1, ...,8. After fixing the worldsheet metric as in (5.85), the string action 
(5.84) becomes 



So 



Ana 



— - ( (drdcr) 
to> J 



AX~X + + X 2 X + X + - X/Xj 



-4(X-)'(X + )' - X 2 (X + )'(X + )' + X;x;l (5.87) 



The action (5.87) is not completely gauge fixed. We still have the freedom to 
reparameterize the worldsheet coordinates holomorphically, 



cr + ((T + ), a — > a (a ) 



(5.88) 



where a ± = r ± a are the holomorphic and antiholomorphic worldsheet coordi- 
nates. Under (5.88), the new 

1 



a + (r + a) + a (r — a) 



(5.89) 



142 



satisfies the free massless wave equation 



f-f" 



T = 



(5.90) 



X~ enters the action (5.87) linearly, so we can integrate it out, imposing its 
equation of motion as a constraint. This equation is X + — (X + )" = 0, and it has 
the form (5.90). Hence we can choose the light-cone gauge 



X + = X + +p + T 



(5.91) 



This exhausts all the gauge freedom in the problem. After integrating out X 
and choosing the lightcone gauge, the action becomes 

1 



So = 



Ana' 



- / (drda) (p + ) 2 X 2 - X T X! + X'jX'j 



(5.92) 



From this, we find the lightcone Hamiltonian to be 

H = - r da [(2W) 2 P/P/ + X'jX'j + (p+) 2 X / X / l (5.93) 

Ana Jo 1 J 

where Pj are the momenta conjugate to Xj. The Hamiltonian (5.93) is quadratic, 
and can be quantized exactly. Expand the Xi and Pi in modes as 



xi= Em 



/ a' 
2w n 



«n - a n 



(5.94) 



where the frequencies are 



™n = V (P + ) 2 + n 2 



(5.95) 



and the oscillators 



a 1 = a 1 e - i (^ T ~ na ) /7 7 t _ ^/tp+'K^nir) 



close as [a^, a£}] = S IJ 5 mn . In terms of these oscillators, (5.93) reads 

r 



(5.96) 



Ho 



8 +oo 

E E W r, 

1=1 n=—co 



N 1 + 
n ^ 2 



(5.97) 
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where the number operators are = a^a^ (no sum on either n or /). We will 
drop the normal ordering constants, since they cancel against the fermionic ones 
in the plane wave limit. 

To compare space-time quantum numbers with worldsheet quantities, we look 
at the Noether charges associated with target space isometries. The relevant 
ones for us will be the energy E = id t , and the angular momentum J = —id^, 
where t and ip are the global coordinates on AdS used in (5.1). In the dual 
CFT description, these correspond to the conformal dimension A = E and the 
i?-charge J. We find 

. d „ r 2 - , „ 5S 1 



— i- 



V±= daP±, whereP„ = ^ = G„ V X V (5.98) 



are the momenta canonically conjugate to X M . In the light-cone gauge, 

A- J « i^»-V + = ±B, = -ZK$»l ("«>) 

Given our gauge choice (5.91), V+ and H should differ by a factor of — p + ; the 
minus sign in (5.100) comes about because H = id t , while P = —idx- The 
light-cone states 

\I m ,J n ,...) = a I Ja J J ... \0,p + ) (5.101) 

have P + = vmN' withR4 = **9NaP- t A- J = [l + ^ F ] + [l + ^ F ] + 0(^). 

Oscillators (5.96) explicitly depend on time, so they are Heisenberg picture 
operators. To go to the Schroedinger picture, we can just drop the time depen- 
dence and use the equations of motion which follow from the Hamiltonian (5.93). 
These are 

ai = aie +m % ^ = -im n a£ e+ in ° (5.102) 
a'J = atfe-*", j/J = ^ (5-103) 
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It will be convenient to work with Heisenberg picture operators throughout, and 
convert the final expressions to the Schroedinger picture before doing perturba- 
tion theory. 



5.4.1.2 Corrections to the Penrose limit of AdS$ x S 5 

The 1/R 2 correction to the space-time metric is given by jgds\ with 

ds\ = -2dX~dX + (r 2 - y 2 ) - \{r A - y A )dX + dX + + \(r 4 dQ 3 2 - y A dQ! 2 ) 

(5.104) 

Using the identities dr^dri = dr 2 + r 2 dVL\ and rdr = Tidr^ we can write r A dVL\ = 
[riTidr-jdr-j — r^jdridrj] and similarly for the y-s. This results in the contributions 

X ab EE i [X t X t (daXj^Xj) - X t Xj (daX^dbXj)] (5.105) 

to the induced metric G a b- X can be either r or y in (5.105), and the sums on 
the repeated i and j run from 1 to 4. The % — j terms cancel in (5.105). 

After fixing the worldsheet metric as in (5.85), the bosonic part of the action 
becomes S = S + jpSi with So given in (5.87), and 

Si = J(dTda){-2X-[d T (X+(r 2 - y 2 )) - d„((X+)> (r 2 - y 2 )) 

X+X+ - (X + )'(X + )'} (r 4 - y A ) - (r TT - y TT ) + (r CTCT - y CTCT )} 



i \X T A ^ — (X -j' [A - j' j [r- - y) - [r TT - y TT ) + [r a(7 - 

(5.106) 



(we integrated by parts so that derivatives of X~ do not appear in Si). Since the 
variable X~ appears linearly in the action S, we can integrate it out, and impose 
its equation of motion as a constraint. Although this equation is no longer linear, 
it can be solved perturbatively in 1/R 2 . Writing 

X + (r,tr) = X+ + ±X+ (5.107) 
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where Xq X are both of order one, we get 



' r 2 — y 2 " 



-d a 



W) 



2 2 1 

+y I 7 V 



(5.108) 



Since Xq satisfies the free massless wave equation, we can take Xq = x + + p + r. 
Thus the (modified) light-cone gauge choice is 



(5.109) 



To completely fix the gauge, we have to make sure that contributions of the form 
xf + pfr and e m ^ T±a \ are absent in the mode expansion of Xfij, a). In terms 
of the original coordinate X + and the original r and a, this is a statement that 



l^X+(r : a) = X + (r : a) - ^-J2 eMT±a) I (dadr)X + (r, a) e - m ^ (5 110) 

^ n n,± 



The leftover piece X+ is not a new dynamical variable; rather, it depends on 
T{ and i/i. It is defined to satisfy 



Xt - (Xt)" + \p+d T (r 2 -y 2 )=0 



(5.111) 



The r 2 and y 2 should be taken as their leading order versions (5.94). Setting 
r l n = a l n and y l n = a^ +4 in the mode expansions (5.94), we find 



Xt = 



+ 



ip + a' 


E 

m , n 




( /pi rpi> rpi t rf'i \ \ 

V m n to n J 




2 




[(zu m + ZU n ) 2 


— (m + n) 2 ] 


ip + a' 


E 


W n 


V to n m n) 


(ylvV - vVv\>)_ 


2 




[{w m - zu n ) 2 


— {m — n) 2 ] 



(5.112) 



Equation (5.111) is solved in Heisenberg picture; the operator Xi is determined 
in terms of the Heisenberg picture oscillators (5.96). Since (5.112) contains no 
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explicit time dependence, it can be interpreted as a Schroedinger picture expres- 
sion (when the oscillators are taken to be in Schroedinger picture), and used in 
perturbative calculations of energies. 

The action in the modified lightcone gauge (5.109) reads 

4 ^7 / ( drd(r ) \[P + f{r 2 + y 2 ) - rih - mm + r'/i + y-y'i 

[J'tT VtT) 



s = 



1 

+ R 2 ~ 



{r au -y aa )- (r T 
+ l -{p + ) 2 {r i -y i ) + 2p + Xt{r 2 + y 2 ) 



(5.113) 



after integrating out X~, i.e. after solving the constraint equation (5.108). As 
discussed in [47] , the first order correction to the Hamiltonian is minus the correc- 
tion to the Lagrangian, SH = —5L. Hence the (modified-) lightcone Hamiltonian 
is 

r 2w 



H 



= —f 

Arra' Jo 



+ 



da 
1 

B 2 



(2na') 2 (P[P[ + PI PI) + (rft + M + (f> + ) V + y 2 ) 

^cra y<J<j) (j~TT Utt) 

+l(p + ) 2 (r 4 -y 4 )+2p + Xt(r 2 + y 2 )^ 



(5.114) 



with Xi given in (5.112). 

The conserved charges corresponding to and A — J are 



-V- = 



2p + 4 p + f 2n i (x+ r 2 -y 2 ^ 



+ 



a' 
1 



Ana' jo 



da 



R 2 1 ^ 



-P+ = —H 

p+ 



In terms of the (Schroedinger picture) oscillators, 



-V- 



2p^ 



a' 



1 + 



a 

2R 2 



4 +oo 



E E —(K-n?) 



Li=l n=-oo W n 



(5.115) 
(5.116) 

(5.117) 
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Corrections of the form aa and eft eft precisely cancels between -^Xf and \{j' 2 — y 1 
in (5.115). For p + ^> 1, the worldsheet parameter p + is related to J and N as 



j ( i 4 +oo 



n 1 j-2 n 



(5.118) 



to order 1/R 2 . Here we used R 4 = 4ngNa' 2 , and wrote (A+J) = 2J+(A- J). In 
(5.118) the contributions of the y and r oscillators have rather different structure. 

The Hamiltonian (5.114) is relatively involved, so we analyze it in more detail. 
The leading order lightcone string states 

\a p ,b q ,...)=y?y b J ... |0,p + > (5.119) 

with worldsheet momenta (p, q, ...) and (p',q',...) are degenerate only when the 
(p, q, ...) and (p', q', ...) are permutations of one another. Hence the only terms in 
5H relevant for computing the first correction to the worldsheet energies, are the 
ones which permute the worldsheet momenta, namely dkcft k akcft k and akcft k aia\. 



Such terms in 



(r aa - y aa ) - (r TT - y TT ) + \{p + ) 2 {r 4 - y 4 ) 



combine as 



V\ 2 ( p +y~ 



2 t E ^[44r£V fe t - yiyiytfytf] 



x 2 / fc ^fe 

V 2 / ^ 

+ 2 (yV E (P+)2 " ^ + M HrirW - yiMvM] (5-120) 

V 2 / k^l W * W l 

and the term 2p + X^ (r 2 + y 2 ) gives 
- 2 (y) EK«^ - 



V\V 2(p+) 2 (^ fe + ^) 2 



,2 
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Expressions (5.120)-(5.121) appear in \8H with an overall prefactor of 



1 11 1 



and we find 



+ ... (5.123) 

The stands for terms not of the form aataa 1 , as well as terms with more 
than two distinct worldsheet momenta; we are also dropping corrections which 
are higher order in 1/R 2 and l/p + . The second and third lines of (5.123) cancel 
if % = j. 

In deriving (5.120)-(5.121), we have not been careful about the ordering of 
oscillators. This means that we may have overlooked some terms which involve 
commutators [y l m ,ylJ] = 1. The only terms in (5.123) where this could happen 
come from the first line. This means we could be possibly neglecting 

- sv + - < ? ? W (N!< - Np) (5 ' 124) 

If we were to keep track of the ordering of oscillators, we would find ( — 1. 
However, we have not analyzed the fermionic side, which can also produce similar 
terms. 

Finally, we compare the results of this Appendix with what we found in 
Section 5.1. We will only look at the y-oscillators. The difference between p + 
and T) is 



p — rj 



1 N yi 
1 + — Y ±-2- 

2R 2 w n 



(5.125) 
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so the frequencies in the two approaches are related as 



1 + 



NV i 

— + 0{l/R A ) 



(5.126) 



Expressions (5.123) and (5.124) then change trivially as zu n — > w n , p + — > r\ at 
this order in 1/R 2 , while 

i i i r) 2 ivy* ivyj 

-TE-niVr = -E-nArr- J2 -^ + 0(1/R*) (5.127) 

^ j;n '/ i;n ZrL 'I i,j;m,n w mW n 



Together, (5.123) and (5.127) reproduce the sum of (5.14), (5.22) and (5.23). 



5.4.2 W=4 SYM 

Here, we give some details of the Af=A SYM needed for the order (tree) and 
(?ym (one-loop level) calculations of Section (5.2.2). First we write down the A/"=4 
SYM action in terms of the fields we will be dealing with. When SUSY is broken 
down to J\f—1, things much more cumbersome, so from the very beginning we 
use the A/"=4 Lagrangian 2.89 from Chapter 2, 

C = 4- tr {-\F. V F^ + iXa^D.X + i^DjP + D^D»z 3 ' (5.128) 
+iV2[\,i/j j ]z j - ^^Mzi + iy/^^Zj - -^e jkl [ft,$ k ]z l 
+ [ Zj ,z k }[z j ,z k } -l[zj,z j }[z k ,z k }}. 

We leave the fields z 1 , z 1 as they are, and substitute 

Zj = 73 (0j + i<j)j+3) , z 3 = ^-((f>j-i<l> j+3 ), j = 2 and 3. (5.129) 

The rest of the fields (gauge bosons and fermions) remain unchanged, and (5.128) 
becomes 

C = JC + d + C 2 + £ other (5.130) 
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where 

C = ^tr ( 5 - 131 ) 
gives propagators for the scalars; 

d = ^tr |- ? ^[z 1 ,^ 1 ]-^^ 1 , ( 9^ 1 ]+^(-^)[0 fc ,^0 fc ] 

+*v/2 ^ ([A, ^] - [1P2, H) + iv^ *i ([A, Vi] - [V> 2 , </> 3 ]) 
+#2 ([A, V2] + [A,^ 2 ] - [Mi] - [V^ 1 ]) 
+05 ([A, V2] - [A,^ 2 ] + [^3,^1] - [V^ 1 ]) 
+# 3 ([A, ^3] + M 3 ] - [Vi,^] - t^ 1 ^ 2 ]) 

+0 6 ([A, ^ 3 ] - M 3 ] + [AM - H>\i> 2 })} (5.132) 
gives 3-field vertices; and 

C2 = ^tr [-[A^z^^-^^MWM (5.133) 

I k 

- \ [zi, z±\ [zx , zi] + XI [*i > ^fc] [^1 > 0fc] + H| 0/] [0fc , 0z] 

fc k>l 

contains 4-field interactions. Finally, 

Mother = ^tr {-iF^ + iX^D^ + i^D^} (5.134) 

gives propagators for the gauge bosons and the fermions and their interactions 
with each other (at order 0{g\ M ) these do not contribute to the diagrams we care 
about, and neither do the ghost terms). The Lagrangian (5.130) has a leftover 
5*0(4) symmetry rotating the 0-s. 

Feynman rules for the Lagrangian (5.130) are somewhat awkward, but the 
tree and one-loop diagrams which involve only the scalars can be packaged in a 
convenient way. First, 0(gy M ) corrections to the scalar propagators are diagonal 
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A * m-^ ^ = 5 fl ' NA(x,y) G(x,y) 

4>? • 4>* = b ab b ij NA(x,y)G(x,y) 

Figure 5.1: Order cjfyM corrections to scalar propagators consist of a gauge boson 
exchange and a fermion loop. 

in color indices, see Figure 5.1. Fermion loops cancel in (^(x)^?/)) g 2 because 
of the way the signs work out in (5.132). 

Corrections to the 4-point irreducible blocks are more involved, but they can 
be related to the corresponding diagrams involving only z-s and z-s. By compar- 
ing two-point functions of the protected operators in the [0,2,0] of SU(4) written 
on the one hand in terms of 0-fields, and on the other hand in terms of z-s and 
z-s, we get the diagrams shown in Figure 5.2. Comparison of two-point functions 
of the Konishi scalar J2k=i^ r ^ '§ k = Y%=\^ Y z k z k produce the relations listed in 
Figure 5.3. 

The "D-term" contributions A and B, and the four- field interaction "F-term" 
B are defined by Figures 5.2 and 5.3. As we saw in Section 2.5 (also see [41]), 
the A and B are not separately gauge invariant. These must appear as the gauge 
invariant combination 2A + B, which vanishes in the Af=4 theory. So one only 
has to look at "F-term" contributions, which are all proportional to 

7 = \B{x^)N = -^^logxV = -/31ogxV (5.135) 

computed for example in Chapter 2 and in [30]. In this Chapter, we are using 
the conventions of [30]; in the Lagrangian (5.128) we have = lug. 

We only have to consider planar diagrams since we are interested in the leading 
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Figure 5.2: Order g 2 ^ corrections to two point functions of operators of the 
form tr 2...0 1 2;...0 2 : four-field irreducible blocks. When scalars <p l are involved, 
the diagrams above represent the net contribution of all contributing Feynman 
diagrams, packaged in a way to mimic the 7V=1 component fields Feynman dia- 
grams. (Thick lines would correspond to exchanges of auxiliary fields Fi and D in 
the M=l formulation.) Diagrams with z<i are given for comparison only. There 
are similar diagrams with one or both z-lines running in the opposite direction. 




>; 4» f fl 




v 




= (f a P a^ + fhpaf a ph) 1 



Figure 5.3: Order g 2 corrections to two point functions of operators of the form 
tr z.-.tp 1 z...<p l : four-field irreducible blocks. These diagrams represent the net 
contribution of all contributing Feynman diagrams. 
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large N behavior. Put differently, 

tr[t ai ...t ak ] tr[t afc ...t ai ] 



N 



1 + 0{l/N 2 ) 



(5.136) 



and SU (N) traces of all other permutations of the generators (other than cyclic) 
are suppressed by 1/N 2 . To see this, one can use the "trace merging formula" 

2 (tr At c ) (tr Bt c ) — tr AB — (tr A) (tr B) (5.137) 

valid when t c are SU (N) generators in the fundamental representation. 

At one loop, all but the nearest neighbor interactions are suppressed. The 

relevant contributions in Figure 5.2 have the form 
a b ci cj 

= tr \t a t b t ci ...t cj ] tr \t cj ...t ci t b 't a '] f ab Pf a ' b 'p 



a' b' ci cj 



= \ (±iV) J_1 tr (t a t b t h 't a ') f ab Pf a ' b 'p [i + 0{1/N 2 ) 
= \ (l N Y' ltr (t a [t p ,t a ]t b '[t p ,t b '}) [l + 0(1/N 2 ) 
= (|iV) J+3 [l + C(l/iV 2 )] (5.138) 



The difference between the orderings (ab) and {ba) in (5.138) is a minus sign, 
a b Ci Cj b a Ci Cj 

(5.139) 



a 1 V ci cj a' 6' Ci cj 

Diagrams shown in the first two lines of Figure 5.3 have the form 

a b ci cj 



t a t b t C1 ...t Cj 



tr 



a' 6' ci cj 



= |Qiv) J+3 [i + 0(i/iv 2 ) 



t Cj ...t c H b 't a ' 

(5.140) 



Only one of the two //-terms contributes at this order; the other one is sup- 
pressed by at least 1/N 3 . The contribution (5.140) is insensitive to a <-> 6. The 
contributions (5.138) and (5.140) come with a numerical prefactor of 

2 



G(x,0) J+2 7 



(5.141) 
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with 7 = — (3\ogx fx defined in (5.135). 



To summarize, the tree level correlators are 



i ' i 



'N 



> t ■ ■ -\f w 



> i \ t • • .\f 



acN) 



J+N 



(5.142) 



and the relevant one-loop contributions can be schematically represented as 



7 x aGN) 



J+N 



(5.143) 



when only one is involved in the interaction, and 



7 x aGN) J+N , i+ 3 (5.144) 



when two distinct 6 within either trace interact. Furthermore, we have 



' / \ 1 



1 \ / r 



if \ i 



7 x(iGiV) J+N , i + j 



(5.145) 



Finally, the diagrams which involve a zzzz vertex can be read off from (5.144) 
and (5.145) by expanding the z and z participating in the vertex in terms of the 
two remaining 0's, 



z \z 



\l*i\GN) 



J+N 



z \z 



- 7 x {\GNY +U 



(5.146) 



In the results (5.142)-(5.146), we dropped terms suppressed by 1/iV 2 
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5.4.3 Equality of matrix elements: generic states 

In this appendix we will complete matching the matrix elements of the light cone 
Hamiltonian between the two sides of the AdS/CFT correspondence. In section 
5.2.3 we matched matrix elements for a subset of states. There we considered 
states with all excited modes having distinct SO (4) indices ik, and no mode 
excited more than once. We will now consider states with some ik being equal. 
We initially restrict to the case with no modes excited more than once, N„ < 1, 
but will eventually generalize to most general case. 

In contrast with section 5.2.3, (9* no longer vanishes. In addition to (5.58), 
we now have to consider off-diagonal elements between the states 

\y)=yV---y l rJyV\v), rn^n, (5.147) 

and 

\y'}=y^...yVyV\v), rn^n, (5.148) 

which are given by 

1 ( R 2 \ 2 I 

(y\H° D \y') = - f —J mn\J N^N^NL'Nl'. (5.149) 

There is also an off-diagonal element given by (5.58), but we have analyzed all 
diagrams contributing to it in section 5.2.3. Let us briefly explain why this is 
the case. Consider O(g ) part of the contributing two-point function, which we 
denote by (XX') g o. (XXI) g o and (XlX) g o vanish, as there are no contributing 
interaction-free diagrams. Although (X*Xl) g o has nonvanishing terms, they are 
0(1/ J 2 ). This is because X* is itself 0(1/ J) compared to O, and an additional 
factor of 1/J will appear because phases in X* and XI do not match exactly. 
Similar conclusions can be made about 0(g) correlator (XX') g i. 



156 



Let us compute the off-diagonal element (5.149) in the gauge theory. The 
only contribution to (y(x)y'(0)) g o comes from 

' '11 ""; 



(^WX(o)) s o = -E 



1 

7' 



(5.150) 

where the sum runs over all configurations of fields. No O(g ) diagrams appear 



in OTj", (y*y') g o and Hence we have 



T (i) _ i 



Computation of Fyy/ is more involved. Possible contributions are 



(5.151) 



OWWV = ^E 



7 



+ {m^n) + (m' '<-m')+(m<-m, m'<-m') 



rik 



— (g„- m + ^_ m + 2), 



(5.152) 

which holds both for m' — n,n' — m (off-diagonal) and m! — m,n' — n (diago- 
nal), 



-(y(x)y'M) f . 



J_ 



z z z 

(<l m + Q*m + 1n + O) 



+ (m^n) + (z^z) + (m<r->n, z^z) 

(5.153) 



similar contribution from {y*(x)yi(0)) g i, and 

z z m+n (j)^ k z 



(X(x)X(o)) £ 



E 



1 V- 



Z ^ra+n Z 0n fe 
Z Z~m+n 2 0^fc 



ZWnZ -rn k 

+{z*-*z m+n )+(z <-> 2 m+n ) + (z^2 m+ra , £ <-> 2 m + ra ) 

7 ( - E (ft* + < - 2) - i(g m+ft + <4+J + 3 J. (5.154) 

1 p:n p ^m,n " ) 
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(The subscript in z n+m stands for the phase qn+ m which depends on the position 
of the z in the string of operators.) Combining (5.151)-(5.154) we have 

?2\ 2 



P 



2j(lrn+n Qm—n C.C. 



1 

J [ J 



mn, 



(5.155) 



which indeed agrees with (5.149), provided N l n < 1. 

Let us now turn to the diagonal matrix element. Part of it was computed in 
section 5.2.3 and is given by (5.82). But now there are other contributions both 
to Too an d to F 00 . To update the former, we must take into account 

Ni(Nj - 1) 



If dft 



(a(x)a(o)) g0 = - y: E 



E 



and 



5(6(x)6(o)) g0 



1 



E E 



>) 1 <j)t k 



2J 



(5.156) 



_^N,(N l -l) 



2J 



(5.157) 



' (m ^ € 4L K 

which cancels (5.156) to keep T ao = 1. The 0(g l ) correlators related to (5.156) 
are given by the sum of (5.154) over pairs (n^ ^ rii) : = ii with the substitution 
m = rik, n = nf. 

(aor)a(o)> ffl = j E (3- E (ft^+^- 2 ) - i^+m+^+n,) 



1 
J 



E g J E(^+^n fc -2) 



+ E {(?n fc +?n ; -2 + C.C.) - -(? nfc+n; +^ fc+n; ) +3j 

(5.158) 



(n k ^ni):i k =ii 



The O^ 1 ) counterpart of (5.157) is 
^(^(O))^ 



7 
J 



N^-l) 

E 3 J E(9nfc+9n fc -2) 



+ E (<K+<?n i -2g„ i -„ fc +c.c.) 

(n k ^ni):i k =ii 



(5.159) 
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The first term in this expression is a value of the corresponding interaction-free 
diagram times the sum of possible phases, while the second term takes care 
of overcounted corrections (this technique for computing 0(g l ) diagrams was 
explained in more detail in section 5.2.3) There is also a contribution which is a 
direct analog of (5.80) 



5 2 (6(x)d(0)) g i = 1 ]T \(q nk +q ni -2 + c.c.) + -{q nk _ ni + q* n 

(n k ^n l ):i k =i l 



n k -ni 



(5.160) 

Finally, we should include the sum over pairs in (5.153) and the same term due 
to 

-(y*(x)S»(o)+y(x)Z(o)) 9 i = - 1 J E (?»* + Qn, + c.c), (s.iei) 

(n k j^ni):i k =ii 

Combining (5.158)— (5.161) we get 

5[T- 1 F]oo = E [3gn t -n J +gn fc+ n-4gn fc -4g ni +4+c.c.] (5.162) 

{n k +ni):i k =ii 



1 (U_ 

J [ J 



2\ 2 



E n k n h 
(n k ^ni):i k =ii 



which should be added to (5.82). In the case of N % m < 1, (5.162) combined with 
the last term in (5.82) gives 



E U k n l + E U k n l 



h (t) 



(5.163) 



where we used the level matching condition. Hence we again reproduce (5.60). 

Our last step will be generalization to the case of unconstrained N l n . To see 
how (5.79) is modified recall that all contributing correlators should be divided 
by 

Nl\NtNi\NL\N^\Nl'\N^\NL'\ . . . (5.164) 

where . . . stands for other N^ k k which will be cancelled by the number of possible 
contractions, just as they are cancelled in non-interacting diagrams to produce 
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Too = 1 + 0(1/ J). On the other hand, the combinatorial factor that multiplies 
all the correlators contributing to (5.79) is 

WJNllN^.Ni'l . . . (5.165) 

The ratio of (5.165) and (5.164) is precisely the factor \J N l m NiN l n ' NL' which 
appears in (5.79). The combinatorial factor in (5.149) can be restored in the 
similar manner. 

In addition to (5.58) and (5.149) we also need to consider off-diagonal matrix 
elements between the states 



and 



which are given by 



z) = y^---yVvV\v), (5.166) 



^=yJ 1 t -Wll> 1 (5-167) 



(Z\H° D \Z') = jj ^ nV^A" (5-168) 

This can be computed similarly to (5.155). One should just multiply each term 

in (5.151)-(5.154) by 

J N N i (N i - 1) N j '(N j/ - 1) 
_^ = ^rA^n iZ iV " l iV " tl(m-2)\(m' -2)\. (5.169) 

The ingredients in (5.169) correspond to the normalization, the number of pos- 
sible choices of a pair out of N l n (N^) 0^'s ( 0{'s), and the number of per- 



mutations of the leftover 0^'s ( 0{'s). Substituting Q ps y J N N^\Ni\ . . . and 
& « y/j N N^M'\ . . . into (5.169) one recovers correct combinatorial factor in 
(5.168). 

The expressions for diagonal matrix elements (5.82) and (5.162) do not change 
when we allow N l n > 1. However (5.163) changes to 

s(t)'s ,,w - (5 ' 170) 
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There is an additional contribution to the diagonal matrix element, which is 
similar to (5.162) but with ni = nk- To compute it, one has to follow the logic 
which led to (5.162) paying special attention to combinatorial factors. We now 
have 



1 



*(a(x)a(o)) 9 o = -EE I - I - I = £ reV 4 } ; (5.m) 



K(K - 1) 



i,n li li Afk 



and 

5(6(x)d(0)) g o = 0. (5.172) 

since the diagram analogous to (5.156) with m = n have been already taken care 
of, and absorbed in the normalization constant. The analog of (5.158) is 



X 



- E(^+C- 2 )+ 2 (^+C-2)-^(g 2 n + ?L)+3 
k z 

(5.173) 

while the contribution similar to (5.159) is absent. The analog of (5.160) is 

5 3 (O(x)d(0)) g ^ £ K{N l - l) [4(q n + q* n - 2) + 2] . (5.174) 

i,n 

Finally, there is an analog of (5.161) given by 

-6(O.(x)&(0)+6(x)6.(0))* = _2^ iV n( i ^- 1 ) (gn + g:) , (5.175) 

i,n 

Combining (5.171)— (5.175) we get the following contribution to the diagonal ma- 
trix element from the 4> l n /4> l n interactions 

I E HmzJl ( 4 ,„ - «f + , c ) =-I (yYi; =*«£^> . (5.176) 

Adding this to (5.170) and then replacing the last term in (5.82) with the resulting 
expression we recover the string theory result (5.60). This concludes the matching 
of matrix elements between the string and the gauge theory. 
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